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Preface

This book in an introduction to the art of optimization. 1 have deliberately used the word
art in the title and placed an artwork in the title page to express that optimization requires
imagination, skills and vision. The artwork has been painted by my wife, Elisabetta, and
illustrates an optimization problem: one of those problems that we solve every day without
even realizing their “technical” nature. I leave it to the reader to guess what the actual
problem is. However, if you have attended my Optimization Lectures on a Friday morning
in the past 15 years, you have probably solved the problem every week.

This book is the result of the lectures I have given at Imperial College London for Un-
dergraduate, Master and Ph.D. students of all engineering departments (and also of the
Mathematics and Physics Departments). I am not an expert in optimization, in the sense
that my research activity has only seldom touched upon optimization problems, but I do
believe that understanding optimization is essential for all engineers, practitioners and for
everyday life. My research work is focused on systems and control: this is why some of
the exercises contain a systems and control perspective of optimization problems. It is not
hard to see that notions such as stationary points and equilibria, convergence and stabil-
ity, speed of convergence and convergence rate (the former from optimization, the latter
from systems and control) are fundamentally identical and one could borrow ideas and
tools from systems and control theory to understand optimization problems and design
optimization algorithms. Whenever possible, and in particular in the exercises, I have
made this connection. Clearly, there are much deeper connections and relations which I
have not discussed.

I conclude the preface with two observations. The first one is that the most difficult step
in the art of optimization is the formulation of the problem. Only problems which are
carefully formulated and in which all physical and engineering insight is captured yield
underlying optimization problems for which one can attempt to find a meaningful solution.
The second one is that optimization is a much wider art than that described in these books:
my objective is to stimulate the interest of the reader and open their eyes to a continuously
expanding body of knowledge.
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2 CHAPTER 1. INTRODUCTION

1.1 Introduction

Optimization is the act of achieving the best possible result under given circumstances.
In design, construction, maintenance, ..., engineers have to take decisions. The goal of all
such decisions is either to minimize effort or to maximize benefit.

The effort or the benefit can be usually expressed as a function of certain design variables.
Hence, optimization is the process of finding the conditions that give the maximum or the
minimum value of a function.

It is obvious that if a point z* corresponds to the minimum value of a function f(z), the
same point corresponds to the maximum value of the function — f(z). Thus, optimization
can be taken to be minimization.

There is no single method available for solving all optimization problems efficiently. Hence,
a number of methods have been developed for solving different types of problems.
Optimum seeking methods are also known as mathematical programming techniques,
which are a branch of operations research. Operations research is coarsely composed
of the following areas.

e Mathematical programming methods. These are useful in finding the minimum of a
function of several variables under a prescribed set of constraints.

e Stochastic process techniques. These are used to analyze problems which are de-
scribed by a set of random variables of known distribution.

e Statistical methods. These are used in the analysis of experimental data and in the
construction of empirical models.

These lecture notes deal mainly with the theory and applications of mathematical program-
ming methods. Mathematical programming is a vast area of mathematics and engineering.
It includes

e calculus of variations and optimal control;

linear, quadratic and non-linear programming;

e geometric programming;

integer programming;

network methods (PERT);
e game theory.

The foundations of optimization can be traced back to Newton, Lagrange and Cauchy.
The development of differential methods for optimization was possible because of the
contribution of Newton and Leibnitz. The foundations of the calculus of variations were
laid by Bernoulli, Euler, Lagrange and Weierstrasse. Constrained optimization was first
studied by Lagrange and the notion of descent was introduced by Cauchy.
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Despite these early contributions, very little progress was made till the 20th century, when
computer power made the implementation of optimization procedures possible and this in
turn stimulated further research methods.

The major developments in the area of numerical methods for unconstrained optimization
have been made in the UK. These include the development of the simplex method (Dantzig,
1947), the principle of optimality (Bellman, 1957), necessary and sufficient conditions of
optimality (Kuhn and Tucker, 1951).

Optimization in its broadest sense can be applied to solve any engineering problem, e.g.

e design of aircraft for minimum weight;

e optimal (minimum time) trajectories for space missions;

e minimum weight design of structures for earthquake;

e optimal design of electric networks;

e optimal production planning, resources allocation, scheduling;
e shortest route;

e design of optimum pipeline networks;

e minimum processing time in production systems;

e optimal control.

1.2 Statement of an optimization problem

An optimization, or a mathematical programming problem can be stated as follows.

Find

= (z', 2%, ... 2")
which minimizes
f(x)

subject to the constraints

gj(z) <0 (1.1)
for j=1,...,m, and

Li(z) =0 (1.2)
for j=1,...,p.

The variable x is called the design vector, f(z) is the objective function, g;(x) are the
inequality constraints and [;(z) are the equality constraints. The number of variables n
and the number of constraints p + m need not be related. If p + m = 0 the problem is
called an unconstrained optimization problem.
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Figure 1.1: Feasible region in a two-dimensional design space. Only inequality constraints
are present.

1.2.1 Design vector

Any system is described by a set of quantities, some of which are viewed as variables
during the design process, and some of which are preassigned parameters or are imposed
by the environment. All the quantities that can be treated as variables are called design
or decision variables, and are collected in the design vector x.

1.2.2 Design constraints

In practice, the design variables cannot be selected arbitrarily, but have to satisfy certain
requirements. These restrictions are called design constraints. Design constraints may
represent limitation on the performance or behaviour of the system or physical limita-
tions. Consider, for example, an optimization problem with only inequality constraints,
i.e. gj(x) < 0. The set of values of x that satisfy the equations g;(x) = 0 forms a hypersur-
face in the design space, which is called constraint surface. In general, if n is the number
of design variables, the constraint surface is an n — 1 dimensional surface. The constraint
surface divides the design space into two regions: one in which g;(z) < 0 and one in which
gj(x) > 0. The points « on the constraint surface satisfy the constraint critically, whereas
the points x such that g;(xz) > 0, for some j, are infeasible, i.e. are unacceptable, see
Figure 1.1.

1.2.3 Objective function

The classical design procedure aims at finding an acceptable design, i.e. a design which
satisfies the constraints. In general there are several acceptable designs, and the purpose
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Figure 1.2: Design space, objective functions surfaces, and optimum point.

of the optimization is to single out the best possible design. Thus, a criterion has to be
selected for comparing different designs. This criterion, when expressed as a function of
the design variables, is known as objective function. The objective function is in general
specified by physical or economical considerations. However, the selection of an objective
function is not trivial, because what is the optimal design with respect to a certain criterion
may be unacceptable with respect to another criterion. Typically there is a trade off
performance—cost, or performance-reliability, hence the selection of the objective function
is one of the most important decisions in the whole design process. If more than one
criterion has to be satisfied we have a multiobjective optimization problem, that may
be approximately solved considering a cost function which is a weighted sum of several
objective functions.

Given an objective function f(x), the locus of all points x such that f(z) = ¢ forms a
hypersurface. For each value of ¢ there is a different hypersurface. The set of all these
surfaces are called objective function surfaces.

Once the objective function surfaces are drawn, together with the constraint surfaces, the
optimization problem can be easily solved, at least in the case of a two dimensional decision
space, as shown in Figure 1.2. If the number of decision variables exceeds two or three,
this graphical approach is not viable and the problem has to be solved as a mathematical
problem. Note however that more general problems have similar geometrical properties of
two or three dimensional problems.
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Figure 1.3: Electrical bridge network.

1.3 Classification of optimization problems

Optimization problem can be classified in several ways.

e Existence of constraints. An optimization problem can be classified as a constrained
or an unconstrained one, depending upon the presence or not of constraints.

e Nature of the equations. Optimization problems can be classified as linear, quadratic,
polynomial, non-linear depending upon the nature of the objective functions and the
constraints. This classification is important, because computational methods are
usually selected on the basis of such a classification, .e. the nature of the involved
functions dictates the type of solution procedure.

e Admissible values of the design variables. Depending upon the values permitted
for the design variables, optimization problems can be classified as integer or real
valued, and deterministic or stochastic.

1.4 Examples

Example 1 A travelling salesman has to visit n towns. He plans to start from a particular
town numbered 1, visit each one of the other n — 1 towns, and return to the town 1. The
distance between town ¢ and j is given by d;;. How should he select the sequence in which
the towns are visited to minimize the total distance travelled?

Example 2 The bridge network in Figure 1.3 consists of five resistors R;, i = 1,...,5.
Let I; be the current through the resistance R;, find the values of R; so that the total
dissipated power is minimum. The current I; can vary between the lower limit I; and the
upper limit I; and the voltage drop V; = R;I; must be equal to a constant c;.

Example 3 A manufacturing firm produces two products, A and B, using two limited
resources, 1 and 2. The maximum amount of resource 1 available per week is 1000 and the
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Article type w; Vi C;
1 4 9 5
2 8 7 6
3 2 4 3

Table 1.1: Properties of the articles to load.

maximum amount of resource 2 is 250. The production of one unit of A requires 1 unit of
resource 1 and 1/5 unit of resource 2. The production of one unit of B requires 1/2 unit
of resource 1 and 1/2 unit of resource 2. The unit cost of resource 1 is 1 —0.0005u;, where
uq is the number of units of resource 1 used. The unit cost of resource 2 is 3/4 — 0.0001us,
where uo is the number of units of resource 2 used. The selling price of one unit of A is

2 —0.005z4 — 0.0001zp
and the selling price of one unit of B is
4 —0.002z4 — 0.01zp,

where x4 and zp are the number of units of A and B sold. Assuming that the firm is able
to sell all manufactured units, maximize the weekly profit.

Example 4 A cargo load is to be prepared for three types of articles. The weight, w;,
volume, v;, and value, ¢;, of each article is given in Table 1.1.

Find the number of articles x; selected from type i so that the total value of the cargo is
maximized. The total weight and volume of the cargo cannot exceed 2000 and 2500 units
respectively.

Example 5 There are two types of gas molecules in a gaseous mixture at equilibrium. It
is known that the Gibbs free energy

G(x) = crz! + ex? + xtlog(a! Jxr) + 2Plog(a? /xr),

with 7 = 2! + 22 and ¢;, ¢» known parameters depending upon the temperature and
pressure of the mixture, has to be minimum in these conditions. The minimization of
G(x) is also subject to the mass balance equations:

zlai + 2?ai = by,

for i = 1,...,m, where m is the number of atomic species in the mixture, b; is the total
weight of atoms of type i, and a;; is the number of atoms of type ¢ in the molecule of type
j. Show that the problem of determining the equilibrium of the mixture can be posed as
an optimization problem.
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2.1 Introduction

Several engineering, economic and planning problems can be posed as optimization prob-
lems, i.e. as the problem of determining the points of minimum of a function (possibly in
the presence of conditions on the decision variables). Moreover, also numerical problems,
such as the problem of solving systems of equations or inequalities, can be posed as an
optimization problem.

We start with the study of optimization problems in which the decision variables are
defined in IR™: unconstrained optimization problems. More precisely we study the problem
of determining local minimizers for differentiable functions. Although these methods are
seldom used in applications, as in real problems the decision variables are subject to
constraints, the techniques of unconstrained optimization are instrumental to solve more
general problems: the knowledge of good methods for local unconstrained minimization is
a necessary pre-requisite for the solution of constrained and global minimization problems.
The methods that will be studied can be classified from various points of view. The
most interesting classification is based on the information available on the function to be
optimized, namely

e methods without derivatives (direct search, finite differences);

e methods based on the knowledge of the first derivatives (gradient, conjugate direc-
tions, quasi-Newton);

e methods based on the knowledge of the first and second derivatives (Newton).

2.2 Definitions and existence conditions

Consider the following general optimization problem.

Problem 1 Minimize
f(z) subject to x € F

in which f: IR" = IR and" F C IR™.
With respect to this problem we introduce the following definitions.

Definition 1 A point x € F is a global minimizer for the Problem 1 if

f(@) < fy)

forally € F.

A point x € F is a strict (or isolated) global minimizer for the Problem 1 if
flx) < f(y)

!The set F may be specified by equations of the form (1.1) and/or (1.2).
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forally € F and y # x.
A point x € F is a local minimiser for the Problem 1 if there exists p > 0 such that

flx) < fy)

for all y € F such that ||y — x| < p.
A point x € F is a strict (or isolated) local minimizer for the Problem 1 if there exists
p > 0 such that

flz) < f(y)
for all y € F such that ||y — x| < p and y # z.

Definition 2 If x € F is a local minimizer for the Problem 1 and if x is in the interior
of F then x is an unconstrained local minimizer of f in F.

The following result provides a sufficient, but not necessary, condition for the existence of
a global minimum for Problem 1.

Proposition 1 Let f: IR" — IR be a continuous function and let F C IR™ be a compact
set?>. Then there exists a global minimum of f in F.

In unconstrained optimization problems the set F coincides with IR", hence the above
statement cannot be used to establish the existence of global minima. To address the
existence problem it is necessary to consider the structure of the level sets of the function
f- See also Section 1.2.3.

Definition 3 Let f : IR" — IR. A level set of f is any non-empty set described by
Lla)={ze R" : f(2)<al,
with a € IR.

For convenience, if ¢ € IR" we denote with Lo the level set L£(f(z¢)). Using the concept
of level sets it is possible to establish a simple sufficient condition for the existence of
global solutions for an unconstrained optimization problem.

Proposition 2 Let f: IR™ — IR be a continuous function. Assume there exists xg € IR"
such that the level set Lo is compact. Then there exists a point of global minimum of f in

IR™.

Proof. By Proposition 1 there exists a global minimizer x, of f in Lo, i.e. f(z4) < f(x) for
all z € Ly. However, if x & Ly then f(x) > f(xg) > f(z4), hence z, is a global minimizer
of fin IR™. N

It is obvious that the structure of the level sets of the function f plays a fundamental
role in the solution of Problem 1. The following result provides a necessary and sufficient
condition for the compactness of all level sets of f.

2A compact set is a bounded and closed set.
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Proposition 3 Let f : IR™ — IR be a continuous function. All level sets of f are compact
if and only if for any sequence {x} one has

lim [|z|| =00 = lim f(zy) = oo.
k—o0 k—o0

Remark. In general x;, € IR, namely

T
w}
xk - . )
n
Tk,
i.e. we use superscripts to denote components of a vector. <o

A function that satisfies the condition of the above proposition is said to be radially
unbounded.

Proof. We only prove the necessity. Suppose all level sets of f are compact. Then,
proceeding by contradiction, suppose there exist a sequence {z}} such that limy_, [|zx|| =
oo and a number v > 0 such that f(z) <~ < oo for all k. As a result

{zr} C L(v).

However, by compactness of £(7y) it is not possible that limy_, . ||| = oco.

A

Definition 4 Let f : IR™ — IR. A vector d € IR" is said to be a descent direction for f
in x4 if there exists § > 0 such that

f(ze + M) < f(zy),
for all A € (0,96).

If the function f is differentiable it is possible to give a simple condition guaranteeing that
a certain direction is a descent direction.

Proposition 4 Let f: IR" — IR and assume® V f exists and is continuous. Let z, and d
be given. Then, if V f(x.)'d < 0 the direction d is a descent direction for f at .

Proof. Note that V f(x,)'d is the directional derivative of f (which is differentiable by
hypothesis) at z, along d, i.e.

Vi(e)d= lim flas + Ac? — f(x.)

)

3We denote with Vf the gradient of the function f, i.e. Vf = [%7"',%]l. Note that Vf is a
column vector.
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f increasing

f(x) = f(xy) > f(x))

f(x) = f(x)) > f(x)

f(x) = f(xx)
anti-gradient

descent direction

Figure 2.1: Geometrical interpretation of the anti-gradient.

and this is negative by hypothesis. As a result, for A > 0 and sufficiently small
f(@e + Ad) — f(z4) <O,
hence the claim. q

The proposition establishes that if V f(x,)'d < 0 then for sufficiently small positive dis-
placements along d and starting at =, the function f is decreasing. It is also obvious that
if Vf(z,)'d >0, dis a direction of ascent, i.e. the function f is increasing for sufficiently
small positive displacements from x, along d. If V f(z,)'d = 0, d is orthogonal to V f ()
and it is not possible to establish, without further knowledge on the function f, what is
the nature of the direction d.

From a geometrical point of view (see also Figure 2.1), the sign of the directional derivative
V f(z,)'d gives information on the angle between d and the direction of the gradient at
Ty, provided Vf(xzy) # 0. If Vf(z,)'d > 0 the angle between V f(z,) and d is acute. If
Vf(zy)d < 0 the angle between V f(x,) and d is obtuse. Finally, if V f(x)'d = 0, and
Vf(z,) # 0, Vf(xzs) and d are orthogonal. Note that the gradient V f(z), if it is not
identically zero, is a direction orthogonal to the level surface {x : f(x) = f(x.)} and it is
a direction of ascent, hence the anti-gradient —V f(x,) is a descent direction.

Remark. The scalar product 2’y between the two vectors x and y can be used to define
the angle between = and y. For, define the angle between x and y as the number 0 € [0, 7]
such that?

'y

cosf) = ———.
Izl ellyll e

If 2y = 0 one has cosf = 0 and the vectors are orthogonal, whereas if x and y have the
same direction, i.e. x = Ay with A > 0, cos§ = 1. o

4||lz||z denotes the Euclidean norm of the the vector z, i.e. |z||r = Va'z.
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We are now ready to state and prove some necessary conditions and some sufficient con-
ditions for a local minimizer.

Theorem 1 [First order necessary condition] Let f : IR™ — IR and assume V f exists and
is continuous. The point x, is a local minimizer of f only if

Vf(zs) =0.
Remark. A point z, such that V f(z,) = 0 is called a stationary point of f. o

Proof. If V f(x,) # 0 the direction d = —V f(z,) is a descent direction. Therefore, in a
neighborhood of x, there is a point =, + Ad = z, — AV f(z,) such that

f(ze = AV () < f(z4),

and this contradicts the hypothesis that x, is a local minimizer. N

Theorem 2 [Second order necessary condition] Let f : IR® — IR and assume® V2f exists
and is continuous. The point x, is a local minimizer of f only if

Vf(x*) =0

and

'V f(x )z >0
for all x € IR™.

Proof. The first condition is a consequence of Theorem 1. Note now that, as f is two
times differentiable, for any x # x4 one has

flae + A1) = f(24) + AV f(20) 7 + %)\235'V2f(35*)x + B(xs, A1),

where Ble. M)
Ty AT
lim —5———~ =
A Nl
or what is the same (note that z is fixed)
: 5(:6*’ )‘x)
lim 20 A g
A0 A2 0

®We denote with V2 f the Hessian matrix of the function f, i.e.

oy .. 9%
9z10x1 oz1oxm
oy ... 2
oz 9zl oz oz

Note that V2f is a square matrix and that, under suitable regularity conditions, the Hessian matrix is
symmetric.
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Moreover, the condition V f(z,) = 0 yields

fze+ Ax) — f(z4)

BTy, A\T)
A2 ’

)\2

= %x'VQf(x*)x + (2.1)

However, as x, is a local minimizer, the left hand side of equation (2.1) must be non-
negative for all A sufficiently small, hence

1 2 5('1:*’ )“T)
§$IV f(m*)x + T > 0,
and ) \ )
)l\ii% <§xlv2f(x*)x + w> = §x/v2f(x*)x >0,
which proves the second condition. N

Theorem 3 [Second order sufficient condition] Let f : IR" — IR and assume V2f exists
and is continuous. The point x, is a strict local minimizer of f if

Vf(x*) =0

and
2'Vif(z)z >0

for all non-zero x € IR™.

Proof. To begin with, note that as V2f(z,) > 0 and V2f is continuous, then there is a
neighborhood €2 of z, such that for all y € Q2

V2f(y) > 0.

Consider now the Taylor series expansion of f around the point x,, i.e.

Flo) = ) + VI ) (3 = 2 + 50— 2 TF Q) — 2.,

where £ =z, + 0(y — ), for some 6 € [0,1]. By the first condition one has

Fl) = £ + 5l — 2 VT w2,
and, for any y € Q such that y # z,,

fy) > f(z.),

which proves the claim. N

The above results can be easily modified to derive necessary conditions and sufficient con-
ditions for a local maximizer. Moreover, if z, is a stationary point and the Hessian matrix
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2

Figure 2.2: A saddle point in IR.

V2f(x,) is indefinite, the point x, is neither a local minimizer neither a local maximizer.
Such a point is called a saddle point (see Figure 2.2 for a geometrical illustration).

If z, is a stationary point and V2f(z,) is semi-definite it is not possible to draw any
conclusion on the point z, without further knowledge on the function f. Nevertheless, if
n = 1 and the function f is infinitely times differentiable it is possible to establish the
following necessary and sufficient condition.

Proposition 5 Let f : IR — IR and assume f is infinitely times differentiable. The point
Ty 18 a local minimizer if and only if there exists an even integer r > 1 such that

dkf(l"*) —0
dzk
fork=1,2,...,7r—1 and
d" f ()
0.
dx” =

Necessary and sufficient conditions for n > 1 can be only derived if further hypotheses on
the function f are added, as shown for example in the following fact.

Proposition 6 [Necessary and sufficient condition for convex functions] Let f: IR™ — IR
and assume V f exists and it is continuous. Suppose f is convez, i.e.

fy) = f(2) = V(@) (y - =) (2.2)

for allz € R™ and y € IR™. The point x, is a global minimizer if and only if V f(x,) = 0.
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Remark. The convexity condition (2.2) can be rewritten as

fly) = f(@)+ V@) (y - ).

This reveals that the tangent plane for f at x is always below the graph of the function,
i.e. the function is supported from below by the tangent planes. o

Proof. The necessity is a consequence of Theorem 1. For the sufficiency note that, by
equation (2.2), if V f(x,) = 0 then

fly) > flzs),
for all y € IR™. N

From the above discussion it is clear that to establish the property that z,, satisfying
Vf(z,) = 0, is a global minimizer it is enough to assume that the function f has the
following property: for all z and y such that

Vi) (y—=2)=0

one has
fly) > f(z).

A function f satisfying the above property is said pseudo-convex. Note that a differentiable
convex function is also pseudo-convex, but the opposite is not true. For example, the
function = + 3 is pseudo-convex but it is not convex. Finally, if f is strictly convex or
strictly pseudo-convex the global minimizer (if it exists) is also unique.

2.3 General properties of minimization algorithms

Consider the problem of minimizing the function f : IR™ — IR and suppose that Vf and
V2 f exist and are continuous. Suppose that such a problem has a solution, and moreover
that there exists xg such that the level set

L(f(z0)) ={x € R" : f(x) < f(zo)}

is compact.
General unconstrained minimization algorithms allow only to determine stationary points
of f, i.e. to determine points in the set

Q={zxeR" : Vf(x)=0}

Moreover, for almost all algorithms, it is possible to exclude that the points of Q) yielded
by the algorithm are local maximizer. Finally, some algorithms yield points of 2 that
satisfy also the second order necessary conditions.



18 CHAPTER 2. UNCONSTRAINED OPTIMIZATION

2.3.1 General unconstrained minimization algorithm

An algorithm for the solution of the considered minimization problem is a sequence {xy},
obtained starting from an initial point zy, having some convergence properties in relation
with the set Q). Most of the algorithms that will be studied in these notes can be described
in the following general way.

a) Fix a point ¢ € IR"™ and set k = 0.

b) If 25 € Q STOP.

d

)
)
¢) Compute a direction of research dj € IR".
) Compute a step ay € IR along dy.

)

e) Let zp11 =z + apdy. Set k =k + 1 and go back to 2.

The existing algorithms differ in the way the direction of research dj is computed and
on the criteria used to compute the step ay. However, independently from the particular
selection, it is important to study the following issues:

e the existence of accumulation points for the sequence {xy};
e the behavior of such accumulation points in relation with the set €2;

e the speed of convergence of the sequence {z} to the points of €.

2.3.2 Existence of accumulation points

To make sure that any subsequence of {z}} has an accumulation point it is necessary to
assume that the sequence {zj} remains bounded, i.e. that there exists M > 0 such that
|lzk|| < M for any k. If the level set L(f(zp)) is compact, the above condition holds if
{zi} € L(f(z0)). This property, in turn, is guaranteed if

f(@r1) < flog),

for any k such that x; ¢ €. The algorithms that satisfy this property are denominated
descent methods. For such methods , if £(f(z0)) is compact and if V f is continuous one
has

o {z1} € L(f(xp)) and any subsequence of {x} admits a subsequence converging to
a point of L(f(x0));

e the sequence {f(z)} has a limit, i.e. there exists f € IR such that
lim f(zy) = f;
k—o0
e there always exists an element of 2 in £(f(zo)). In fact, as f has a minimizer in

L(f(xp)), this minimizer is also a minimizer of f in IR"™. Hence, by the assumptions
of Vf, such a minimizer must be a point of €.
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Remark. To guarantee the descent property it is necessary that the research directions dy,
be directions of descent. This is true if

Vf(.%’k)ldk < O,
for all k. Under this condition there exists an interval (0, o] such that

f(xk + Oédk) < f(xk),

for any o € (0, o] o

Remark. The existence of accumulation points for the sequence {zj} and the convergence
of the sequence {f(zx)} do not guarantee that the accumulation points of {x}} are local
minimizers of f or stationary points. To obtain this property it is necessary to impose
further restrictions on the research directions di and on the steps aj. o

2.3.3 Condition of angle

The condition which is in general imposed on the research directions dj is the so-called
condition of angle, that can be stated as follows.

Condition 1 There exists € > 0, independent from k, such that

V() de < =€V (@)l dill,
for any k.

From a geometric point of view the above condition implies that the cosine of the angle
between dj, and —V f(xy) is larger than a certain quantity. This condition is imposed to
avoid that, for some k, the research direction is orthogonal to the direction of the gradient.
Note moreover that, if the angle condition holds, and if V f(zx) # 0 then dj, is a descent
direction. Finally, if V f(xy) # 0, it is always possible to find a direction dj such that the
angle condition holds. For example, the direction dy, = —V f(zy) is such that the angle
condition is satisfied with € = 1.

Remark. Let {By} be a sequence of matrices such that
ml < By < M1,

for some 0 < m < M, and for any k, and consider the directions
dy, = =BV f(xp).

Then a simple computation shows that the angle condition holds with e = m/M. o

The angle condition imposes a constraint only on the research directions di. To make
sure that the sequence {x}} converges to a point in 2 it is necessary to impose further
conditions on the step oy, as expressed in the following statements.
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Theorem 4 Let {x} be the sequence obtained by the algorithm
Tpi1 = Tk + agdg,

for k> 0. Assume that

(H1) V[ is continuous and the level set L(f(xp)) is compact.

(H2) There exists € > 0 such that
V(xr) de < —€| V£ (xi)|lldr]l,
for any k > 0.

(H3) f(wg+1) < f(ak) for any k > 0.

(H4) The property
Vf(wr)'dy
k—oo ||dgll

holds.
Then
(C1) {zx} € L(f(x0)) and any subsequence of {x} has an accumulation point.

(C2) {f(zx)} is monotonically decreasing and there exists f such that

lim f(zy) = f.

(C3) {V f(xy)} is such that
T [ f(a)] = 0.

(C4) Any accumulation point T of {xx} is such that V f(z) = 0.

Proof. Conditions (C1) and (C2) are a simple consequence of (H1) and (H3). Note now
that (H2) implies

Vf(xy)d
v (e < EEE,
Al
for all k. As a result, and by (H4),
\Vf(en)'di| _

lim €||V f(x)|| < lim 0
k—o0 k—o00

[l

hence (C3) holds. Finally, let Z be an accumulation point of the sequence {xy}, i.e. there
is a subsequence that converges to . For such a subsequence, and by continuity of f, one
has

lim V' (ay) = V (@),
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and, by (C3),

Vf(z) =0,
which proves (C4). q
Remark. Theorem 4 does not guarantee the convergence of the sequence {xj} to a unique
accumulation point. Obviously {z} has a unique accumulation point if either QNL(f (o))
contains only one point or z,y € QN L(f(xg)), with z # y implies f(z) # f(y). Finally,

if the set QN L(f(xo)) contains a finite number of points, a sufficient condition for the
existence of a unique accumulation point is

lim ||zg+1 — zk|| = 0.
k—ro00

Remark. The angle condition can be replaced by the following one. There exists n > 0
and ¢ > 0, both independent from k, such that

Vf (k) de < =V f (@) |9]|dr]-
<&

The result illustrated in Theorem 4 requires the fulfillment of the angle condition or of a
similar one, i.e. of a condition involving Vf. In many algorithms that do not make use
of the gradient it may be difficult to check the validity of the angle condition, hence it is
necessary to use different conditions on the research directions. For example, it is possible
to replace the angle condition with a property of linear independence of the research
directions.

Theorem 5 Let {1} be the sequence obtained by the algorithm
Tp1 = T + pdy,
for k> 0. Assume that

o V2f is continuous and the level set L(f(x0)) is compact.

e There exist o > 0, independent from k, and kg > 0 such that, for any k > kg the
matriz Py composed of the columns

di, di+1 dn—1
ldill ksl Nldign—1ll’
is such that
\deth] > 0.

° limkﬁoo H.%'k+1 — ka =0.
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o f(xry1) < f(xg) for any k> 0.

e The property
Vf(@r)'di
k—oo  ||dg]]

holds.
Then
o {x} € L(f(xg)) and any subsequence of {xx} has an accumulation point.

o {f(x1)} is monotonically decreasing and there exists f such that

lim f(zy) = f.

o Any accumulation point T of {xy} is such that V f(z) = 0.

Moreover, if the set QN L(f(xg)) is composed of a finite number of points, the sequence
{zk} has a unique accumulation point.

2.3.4 Speed of convergence

Together with the property of convergence of the sequence {xy} it is important to study
also the speed of convergence. To study such a notion it is convenient to assume that {xy}
converges to a point xy.

If there exists a finite k such that x = x, then we say that the sequence {x;} has finite
convergence. Note that if {z)} is generated by an algorithm, there is a stopping condition
that has to be satisfied at step k.

If x, # x, for any finite k, it is possible (and convenient) to study the asymptotic properties
of {xr}. One criterion to estimate the speed of convergence is based on the behavior of
the error & = ||z — z4||, and in particular on the relation between &1 and &.

We say that {zj} has speed of convergence of order p if

) Eep1\
5 ( & ) -

with p > 1 and 0 < C), < co. Note that if {z}} has speed of convergence of order p then

lim <5’“31> =0,

&
lim ( k?) = 00,

if1 <qg<p,and
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if ¢ > p. Moreover, from the definition of speed of convergence, it is easy to see that if
{zx} has speed of convergence of order p then, for any € > 0 there exists kg such that

gk‘-i-l S (Cp + e)gpa

for any k > k.
In the cases p = 1 or p = 2 the following terminology is often used. If p=1and 0 < C; <1
the speed of convergence is linear; if p = 1 and C7 > 1 the speed of convergence is sublinear;

if c
. k1) _
klg‘éo< & > 0

the speed of convergence is superlinear, and finally if p = 2 the speed of convergence is
quadratic.

Of special interest in optimization is the case of superlinear convergence, as this is the kind
of convergence that can be established for the efficient minimization algorithms. Note that
if 21 has superlinear convergence to z, then

e
k—oo ||Tk — 4|

Remark. In some cases it is not possible to establish the existence of the limit

) Ery1
klggo< &l ) '

In these cases an estimate of the speed of convergence is given by

Qp = limsup <€qurl> .
k—o0 Ek

2.4 Line search

A line search is a method to compute the step oy along a given direction di. The choice
of oy, affects both the convergence and the speed of convergence of the algorithm. In any
line search one considers the function of one variable ¢ : IR — IR defined as

d(a) = f(ar + ady) — f(g).
The derivative of ¢(a)) with respect to « is given by
d(a) = Vf(ar + ady)'dy

provided that Vf is continuous. Note that V f(xp 4+ ady)'dy; describes the slope of the
tangent to the function ¢(«), and in particular

$(0) = V f () dy



24 CHAPTER 2. UNCONSTRAINED OPTIMIZATION

coincides with the directional derivative of f at zj along dj.
From the general convergence results described, we conclude that the line search has to
enforce the following conditions

f(zry1) < flzg)

V() dy

lim =0

koo ||dyl]

and, whenever possible, also the condition
lim ||xg41 — zk| = 0.
k—o0
To begin with, we assume that the directions dj are such that
Vf(zg)de <0

for all k, i.e. di, is a descent direction, and that it is possible to compute, for any fixed =z,
both f and Vf. Finally, we assume that the level set £(f(z¢)) is compact.

2.4.1 Exact line search

The exact line search consists in finding «j such that

Plag) = [k + ardr) — flog) < f(ar + ady) — f(2r) = d(@)

for any a > 0. Note that, as dj is a descent direction and the set

{ae BT : ¢(a) < 6(0)}

is compact, because of compactness of L(f(x)), there exists an «j that minimizes ¢(«).
Moreover, for such «; one has

d(ay) = V f(z + agdy) dy, = 0,

i.e. if o minimizes ¢(«) the gradient of f at xy + aydy is orthogonal to the direction dy.
From a geometrical point of view, if oy minimizes ¢(«) then the level surface of f through
the point x; + axdy is tangent to the direction dj at such a point. (If there are several
points of tangency, oy is the one for which f has the smallest value).

The search of oy, that minimizes ¢(«) is very ezpensive, especially if f is not convex. More-
over, in general, the whole minimization algorithm does not gain any special advantage
from the knowledge of such optimal ay. It is therefore more convenient to use approximate
methods, i.e. methods which are computationally simple and which guarantee particular
convergence properties. Such methods are aimed at finding an interval of acceptable values
for ay subject to the following two conditions

e ;. has to guarantee a sufficient reduction of f;

e oy has to be sufficiently distant from 0, i.e. xx + ardy has to be sufficiently away
from xy.
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Figure 2.3: Geometrical interpretation of Armijo method.

2.4.2 Armijo method

Armijo method was the first non-exact line search method. Let a > 0, 0 € (0,1) and
v € (0,1/2) be given and define the set of points

A={a€R : a=ad’, j=0,1,...}.
Armijo method consists in finding the largest o € A such that

¢(a) = f(ag + ady) — f(zr) < yaVf(r) dp = 709(0).
Armijo method can be implemented using the following (conceptual) algorithm.
Step 1. Set a = a.

Step 2. If
flog +ady) = fag) < vaVf(zg) dy
set ar = a and STOP. Else go to Step 3.

Step 3. Set a = oa, and go to Step 2.

From a geometric point of view (see Figure 2.3) the condition in Step 2 requires that oy,
is such that ¢(ay) is below the straight line passing through the point (0, ¢(0)) and with
slope 7$(0). Note that, as v € (0,1/2) and $(0) < 0, such a straight line has a slope
smaller than the slope of the tangent at the curve ¢(«) at the point (0, ¢(0)).

For Armijo method it is possible to prove the following convergence result.

Theorem 6 Let f : IR" — IR and assume V f is continuous and L(f(xo)) is compact.
Assume V f(zy) d, < 0 for all k and there exist C1 > 0 and Cy > 0 such that

C1 > ||dill = Co||V f ()],
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for some q > 0 and for all k.

Then Armijo method yields in a finite number of iterations a value of oy > 0 satisfying
the condition in Step 2. Moreover, the sequence obtained setting xpy1 = T + apdy is
such that

f(@r1) < fzg),

for all k, and
/
i YS@) A
k—oo  ||dg]l
Proof. We only prove that the method cannot loop indefinitely between Step 2 and
Step 3. In fact, if this is the case, then the condition in Step 2 will never be satisfied,
hence

f oz + andl?) — f(z)

ao’

>V f(wy) d.
Note now that 0/ — 0 as j — oo, and the above inequality for j — oo is
Vf(ar) dy >V f(xx) dy,

which is not possible since v € (0,1/2) and V f(xy)'d # 0. <

Remark. 1t is interesting to observe that in Theorem 6 it is not necessary to assume that
Tk4+1 = Tk + axdy. It is enough that xgy is such that

f(xry1) < flog + ardy),

where ay is generated using Armijo method. This implies that all acceptable values of «
are those such that

flag + ady) < f(ag + Oékdk).

As a result, Theorem 6 can be used to prove also the convergence of an algorithm based
on the exact line search. o

2.4.3 Goldstein conditions

The main disadvantage of Armijo method is in the fact that, to find «4, all points in the
set A, starting from the point a = a, have to be tested till the condition in Step 2 is
fulfilled. There are variations of the method that do not suffer from this disadvantage. A
criterion similar to Armijo’s, but that allows to find an acceptable «y, in one step, is based
on the so-called Goldstein conditions.

Goldstein conditions state that given v € (0,1) and 5 € (0,1) such that v; < 7o, oy is
any positive number such that

[k + ondi) — f(zr) < apn Vf(xr) dy
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Figure 2.4: Geometrical interpretation of Goldstein method.

i.e. there is a sufficient reduction in f, and

flap + ardy) — f(zr) > a2V f () dy

i.e. there is a sufficient distance between xj and zj. 1.

From a geometric point of view (see Figure 2.4) this is equivalent to select oy as any point
such that the corresponding value of f is included between two straight lines, of slope
MV f(zg) d, and vV f(xy) dy, respectively, and passing through the point (0, ¢(0)). As
0 <7 < 72 < 1itis obvious that there exists always an interval I = [a, @] such that
Goldstein conditions hold for any « € I.

Note that, a result similar to Theorem 6, can be also established if the sequence {zy} is
generated using Goldstein conditions.

The main disadvantage of Armijo and Goldstein methods is in the fact that none of
them impose conditions on the derivative of the function ¢(«) in the point ay, or what
is the same on the value of V f(zgy1)'dx. Such extra conditions are sometimes useful
in establishing convergence results for particular algorithms. However, for simplicity, we
omit the discussion of these more general conditions (known as Wolfe conditions).

2.4.4 Line search without derivatives

It is possible to construct methods similar to Armijo’s or Goldstein’s also in the case that
no information on the derivatives of the function f is available.
Suppose, for simplicity, that ||dg|| = 1, for all &k, and that the sequence {zj} is generated
by

Tyl = T + agdy.

If Vf is not available it is not possible to decide a priori if the direction dj is a descent
direction, hence it is necessary to consider also negative values of a.
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We now describe the simplest line search method that can be constructed with the con-
sidered hypothesis. This method is a modification of Armijo method and it is known as
parabolic search.

Given A9 > 0, 0 € (0,1/2), v > 0 and p € (0,1). Compute oy and A, such that one of the
following conditions hold.

Condition (i)
o N\ = Ap1;
e (. is the largest value in the set
A={ac€R : a=+0’, j=0,1,...}
such that
fap + ardy) < f(xr) — yof,
or, equivalently, ¢(ay) < —vyas.
Condition (ii)
o ap =0, \p < pAip_1;

o min (f(zx + Aedr), f(xr — Ardi)) > f(xr) —YAR-

At each step it is necessary to satisfy either Condition (i) or Condition (ii). Note that this
is always possible for any dj # 0. Condition (i) requires that «y is the largest number
in the set A such that f(zy + apdy) is below the parabola f(x)) — ya?. If the function
¢(a) has a stationary point for & = 0 then there may be no a € A such that Condition (i)
holds. However, in this case it is possible to find A; such that Condition (ii) holds. If
Condition (ii) holds then aj = 0, i.e. the point z; remains unchanged and the algorithms
continues with a new direction dy41 # dy.

For the parabolic search algorithm it is possible to prove the following convergence result.

Theorem 7 Let f : IR" — IR and assume V f is continuous and L(f(xo)) is compact.
If oy, is selected following the conditions of the parabolic search and if vy, 1 = xp + agdy,
with ||dg|| = 1 then the sequence {xy} is such that

f(zrg1) < flaw)
for all k,
klim Vf(xg)d, =0
— 00
and

lim ||zg41 — x| = 0.

k—o0

Proof. (Sketch) Note that Condition (i) implies f(zgy1) < f(xk), whereas Condition (ii)
implies f(zp41) = f(x1). Note now that if Condition (ii) holds for all k¥ > k, then ay = 0
for all k > k, i.e. ||zgr1 — wx|| = 0. Moreover, as ), is reduced at each step, necessarily
Vf(zg)'d =0, where d is a limit of the sequence {d}}. q
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2.4.5 Implementation of a line search algorithm

On the basis of the conditions described so far it is possible to construct algorithms that
yield oy in a finite number of steps. One such an algorithm can be described as follows.
(For simplicity we assume that V f is known.)

e Initial data. z, f(zx), Vf(x), @ and @.

e Initial guess for a. A possibility is to select « as the point in which a parabola
through (0, ¢(0)) with derivative ¢(0) for o = 0 takes a pre-specified minimum value
fx. Initially, i.e. for k = 0, f, has to be selected by the designer. For k£ > 0 it is

possible to select f, such that
flar) = fo= flap-1) — flaw).

The resulting « is
Ay = —2 7]0(5510 _/ f*.
V f(@k) d
In some algorithms it is convenient to select a < 1, hence the initial guess for a will

be min (1, ) .

e Computation of aj. A value for aj is computed using a line search method. If
ar < « the direction di may not be a descent direction. If ap > @ the level set
L(f(xx)) may not be compact. If oy & [, @] the line search fails, and it is necessary
to select a new research direction di. Otherwise the line search terminates and
Ty1 = Tk + agdy.

2.5 The gradient method

The gradient method consists in selecting, as research direction, the direction of the anti-
gradient at g, i.e.
dk = —Vf(.%’k),
for all k. This selection is justified noting that the direction®
V f(zk)
IVf (i)l e

is the direction that minimizes the directional derivative, among all direction with unitary
Fuclidean norm. In fact, by Schwartz inequality, one has

IV f () dl < ||| 2V f(@e)lle,

and the equality sign holds if and only if d = AV f(x), with A € IR. As a consequence,
the problem

min Vf(z.)'d
hin | V(@)

®We denote with ||v||r the Euclidean norm of the vector v, i.e. ||[v||z = vVv'v.
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has the solution d, = —%. For this reason, the gradient method is sometimes

called the method of the steepest descent. Note however that the (local) optimality of
the direction —V f(z)) depends upon the selection of the norm, and that with a proper
selection of the norm, any descent direction can be regarded as the steepest descent.

The real interest in the direction —V f(xy) rests on the fact that, if V f is continuous, then
the former is a continuous descent direction, which is zero only if the gradient is zero, i.e.
at a stationary point.

The gradient algorithm can be schematized has follows.

Step 0. Given zg € IR™.
Step 1. Set £ = 0.
Step 2. Compute V f(xy). If Vf(zr) =0 STOP. Else set d, = —V f(x).

Step 3. Compute a step «y along the direction dj with any line search method such

that
J(op 4 agdy) < f(ar)
and
lim YL@k _
k—oo ||d|

Step 4. Set xp1 = xp + apdy, k =k + 1. Go to Step 2.

By the general results established in Theorem 4, we have the following fact regarding the
convergence properties of the gradient method.

Theorem 8 Consider f: IR" — IR. Assume V f is continuous and the level set L(f(zo))
is compact. Then any accumulation point of the sequence {xy} generated by the gradient
algorithm is a stationary point of f.

To estimate the speed of convergence of the method we can consider the behavior of the
method in the minimization of a quadratic function, i.e. in the case

1
flx) = §x/Qx +dx+d,

with @ = Q' > 0. In such a case it is possible to obtain the following estimate

AM AM — Am
g1 — 2] < 42 ST gy — )
A AM + Am

where Aps > Ay, > 0 are the maximum and minimum eigenvalue of @), respectively. Note
that the above estimate is exact for some initial points zg. As a result, if A\p;s # A, the
gradient algorithm has linear convergence, however, if Aps/\;, is large the convergence can
be very slow.

Finally, if Aps/A = 1 the gradient algorithm converges in one step. From a geometric
point of view the ratio Aps/\,;, expresses the ratio between the lengths of the maximum
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and the minimum axes of the ellipsoids, that constitute the level surfaces of f. If this ratio
is big there are points from which the gradient algorithm converges very slowly, see e.g.
Figure 2.5.

In the non-quadratic case, the performance of the gradient method are unacceptable,
especially if the level surfaces of f have high curvature.

2.6 Newton’s method

Newton’s method, with all its variations, is the most important method in unconstrained
optimization. Let f : IR™ — IR be a given function and assume that V2f is continuous.
Newton’s method for the minimization of f can be derived assuming that, given xy, the
point x4 is obtained minimizing a quadratic approximation of f. As f is two times
differentiable, it is possible to write

flag +5) = f(ar) + Vf(xr)s + %s’sz(mk)s + B(zg, s),

in which
Blak,s) _

m
Isll—0 5]

For ||s|| sufficiently small, it is possible to approximate f(zy + s) with its quadratic ap-
proximation

q(s) = f(zg) + Vf(x)s+ %slvzf(xk)s.

If V2f(x1) > 0, the value of s minimizing ¢(s) can be obtained setting to zero the gradient
of q(s), i.e.
Va(s) = Vf(ag) + V2 f(2x)s = 0,

yielding
-1
s=— V2| V).
The point x4 1 is thus given by

Tpy1 = Tp — [sz(xk)} B Vf(wg).

Finally, Newton’s method can be described by the simple scheme.

Figure 2.5: Behavior of the gradient algorithm.
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Step 0. Given zg € IR™.
Step 1. Set k = 0.

Step 2. Compute )
s=— V()| V().

Step 3. Set xp11 =2+, k=k+ 1. Go to Step 2.

Remark. An equivalent way to introduce Newton’s method for unconstrained optimization
is to regard the method as an algorithm for the solution of the system of n non-linear
equations in n unknowns given by

Vi(x)=0.

For, consider, in general, a system of n equations in n unknown

with x € IR™ and F' : IR™ — IR™. If the Jacobian matrix of F' exists and is continuous,
then one can write
oOF

Fla+3) = F(@) + o _(x)s +7(,9),

with

im
Isll=0 ||s]]

Hence, given a point x; we can determine x;1 = x + s setting s such that

OF
F(xg) + %(xk)s =0.

If %—I;(xk) is invertible we have

5= - [g—fw}lfw,

hence Newton’s method for the solution of the system of equation F'(z) =0 is

OF -t
Th4+1 = Tk — {%(Cﬂk)] F(zy), (2.3)
with & = 0,1,.... Note that, if F(z) = Vf, then the above iteration coincides with
Newton’s method for the minimization of f. o

To study the convergence properties of Newton’s method we can consider the algorithm for
the solution of a set of non-linear equations, summarized in equation (2.3). The following
local convergence result, providing also an estimate of the speed of convergence, can be
proved.
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Theorem 9 Let F : IR — IR"™ and assume that F' is continuously differentiable in an
open set D C IR™. Suppose moreover that

e there exists x, € D such that F(x,) = 0;

e the Jacobian matriz g—f(:v*) is non-singular;

e there exists L > 0 such that”
oF oF
() - 2 < Lllz —
H D (2) e (y)H < Ll|z —yl],

forall z€ D and y € D.

Then there exists and open set B C D such that for any xg € B the sequence {xy} generated
by equation (2.3) remains in B and converges to x, with quadratic speed of convergence.

The result in Theorem 9 can be easily recast as a result for the convergence of Newton’s
method for unconstrained optimization. For, it is enough to note that all hypotheses on
F and g—i translate into hypotheses on Vf and V2f. Note however that the result is only
local and does not allow to distinguish between local minimizers and local maximizers.
To construct an algorithm for which the sequence {zy} does not converge to maxima,
and for which global convergence, ¢.e. convergence from points outside the set B, holds,
it is possible to modify Newton’s method considering a line search along the direction
dy = — [VQf(xk)]fl V f(x). As a result, the modified Newton’s algorithm

-1
Trpr = — ax [V2f ()] V), (2.4)

in which «y is computed using any line search algorithm, is obtained. If V2f is uni-
formly positive definite, and this implies that the function f is convex, the direction
di, = — [V f(z)] v f(zk) is a descent direction satisfying the condition of angle. Hence,
by Theorem 4, we can conclude the (global) convergence of the algorithm (2.4). Moreover,
it is possible to prove that, for k sufficiently large, the step ay = 1 satisfies the conditions
of Armijo method, hence the sequence {x} has quadratic speed of convergence.

Remark. If the function to be minimized is quadratic, i.e.

1
flx) = §x/Qx +dr+d,

and if @ > 0, Newton’s method yields the (global) minimizer of f in one step. o

In general, i.e. if V2f(x) is not positive definite for all #, Newton’s method may be in-
applicable because either V2 f(zy) is not invertible, or dy, = — [V2f(zy)] - V f(xy) is not
a descent direction. In these cases it is necessary to further modify Newton’s method.
Diverse criteria have been proposed, most of which rely on the substitution of the matrix

"This is equivalent to say that g—f(x) is Lipschitz continuous in D.
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V2f(zr) with a matrix My > 0 which is close in some sense to V2f(x;). A simpler
modification can be obtained using the direction dy = —V f(z)) whenever the direction
dy, = — [VQf(xk)]fl V f(x) is not a descent direction. This modification yields the fol-
lowing algorithm.

Step 0. Given zg € IR" and € > 0.
Step 1. Set k = 0.

Step 2. Compute V£ (zy). If Vf(z) = 0 STOP. Else compute V2 f(zy). If V2 f(zy)
is singular set d, = —V f(x}) and go to Step 6.

Step 3. Compute Newton direction s solving the (linear) system

V2 f(wr)s = =V f(a).

Step 4. If
IV f(zx)'s| < el Vf(z)lls]

set d, = —V f(xy) and go to Step 6.

Step 5. If

Vf(xg)s<0
set di, = s; if

Vf(.%'k)ls >0
set dy, = —s.

Step 6. Make a line search along dj assuming as initial estimate o = 1. Compute
Tr4+1 = Tk + axdy, set k =k + 1 and go to Step 2.

The above algorithm is such that the direction dj, satisfies the condition of angle, i.e.

Vf(xp) dp < —€||V f (@) Idell,

for all k. Hence, the convergence is guaranteed by the general result in Theorem 4.
Moreover, if € is sufficiently small, if the hypotheses of Theorem 9 hold, and if the line
search is performed with Armijo method and with the initial guess o = 1, then the above
algorithm has quadratic speed of convergence.

Finally, note that it is possible to modify Newton’s method, whenever it is not applicable,
without making use of the direction of the anti-gradient. We now briefly discuss two such
modifications.
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2.6.1 Method of the trust region

A possible approach to modify Newton’s method to yield global convergence is to set the
direction di and the step oy in such a way to minimize the quadratic approximation of
f on a sphere centered at zp and of radius ai. Such a sphere is called trust region. This
name refers to the fact that, in a small region around zj we are confident (we trust) that
the quadratic approximation of f is a good approximation.
The method of the trust region consists in selecting xx4+1 = x5k, where si, is the solution
of the problem

o, 40 (25)
with 1

q(s) = f(z) + Vf(zx)'s + §S/V2f($k)8,

and ag > 0 the estimate at step k of the trust region. As the above (constrained) optimiza-
tion problem has always a solution, the direction s is always defined. The computation of
the estimate ay, is done, iteratively, in such a way to enforce the condition f(zxy1) < f(zk)
and to make sure that f(xy + sx) =~ q(sg), i.e. that the change of f and the estimated

change of f are close.
Using these simple ingredients it is possible to construct the following algorithm.

Step 0. Given zg € IR™ and ag > 0.

Step 1. Set k = 0.

Step 2. Compute Vf(x). If Vf(xx) =0 STOP. Else go to Step 3.
Step 3. Compute s solving problem (2.5).

Step 4. Compute®
[z + sk) — f(ar)
q(sk) — flxr)

Step 5. If pp < 1/4 set ap+1 = ||sg]|/4. If pxr > 3/4 and ||sg|| = ax set a1 = 2ay.
Else set ax41 = ay.

(2.6)

Pk =

Step 6. If p;. <0 set zpy1 = x. Else set xx11 = g + Sk

Step 7. Set k =k + 1 and go to Step 2.

Remark. Equation (2.6) expresses the ratio between the actual change of f and the esti-
mated change of f. o

It is possible to prove that, if £(f(z0)) is compact and V2 f is continuous, any accumulation
point resulting from the above algorithm is a stationary point of f, in which the second
order necessary conditions hold.

8If f is quadratic then py = 1 for all k.
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The update of aj is devised to enlarge or shrink the region of confidence on the basis of
the number pg. It is possible to show that if {x}} converges to a local minimizer in which
V2f is positive definite, then p; converges to one and the direction sj coincides, for k
sufficiently large, with the Newton direction. As a result, the method has quadratic speed
of convergence.

In practice, the solution of the problem (2.5) cannot be obtained analytically, hence ap-
proximate problems have to be solved. For, consider s; as the solution of the equation

(V2f(@r) + vl ) s = =V f(xp), (2.7)

in which v, > 0 has to be determined with proper considerations. Under certain hypothe-
ses, the sj determined solving equation (2.7) coincides with the s; computed using the
method of the trust region.

Remark. A potential disadvantage of the method of the trust region is to reduce the step
along Newton direction even if the selection aj = 1 would be feasible. o

2.6.2 Non-monotonic line search

Experimental evidence shows that Newton’s method gives the best result if the step ay, = 1
is used. Therefore, the use of a; < 1 along Newton direction, resulting e.g. from the
application of Armijo method, results in a degradation of the performance of the algorithm.
To avoid this phenomenon it has been suggested to relax the condition f(zxy1) < f(xg)
imposed on Newton algorithm, thus allowing the function f to increase for a certain
number of steps. For example, it is possible to substitute the reduction condition of
Armijo method with the condition

fo + agdy) < (X, [f (k)] +varV f () di

for all k > M, where M > 0 is a fixed integer independent from k.

2.6.3 Comparison between Newton’s method and the gradient method

The gradient method and Newton’s method can be compared from different point of views,
as described in Table 2.1. From the table, it is obvious that Newton’s method has better
convergence properties but it is computationally more expensive. There exist methods
which preserve some of the advantages of Newton’s method, namely speed of convergence
faster than the speed of the gradient method and finite convergence for quadratic functions,
without requiring the knowledge of V2f. Such methods are

e the conjugate directions methods;

e quasi-Newton methods.
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Gradient method Newton’s method
Information required at fand Vf £.Vf and V2f
each step ’
Computation to find V() Vi), V2f(xy),
the research direction —[V2f ()] 'V f ()
Global if L(f(x0))
compact and V f Local, but may be
Convergence )
continuous rendered global
Behavior for quadratic Asymptotic Convergence in one
functions convergence step
Linear for quadratic Quadratic (under
Speed of convergence )
functions proper hypotheses)

Table 2.1: Comparison between the gradient method and Newton’s method.

2.7 Conjugate directions methods

Conjugate directions methods have been motivated by the need of improving the con-
vergence speed of the gradient method, without requiring the computation of V2f, as
required in Newton’s method.

A basic characteristic of conjugate directions methods is to find the minimizer of a
quadratic function in a finite number of steps. These methods have been introduced for
the solution of systems of linear equations and have later been extended to the solution
of unconstrained optimization problems for non-quadratic functions.

Definition 5 Given a matriz Q = Q’, the vectors dy and do are said to be Q-conjugate if

d,Qdy = 0.

Remark. If @ = I then two vectors are ()-conjugate if they are orthogonal. o

Theorem 10 Let Q € R™™ and Q = Q' > 0. Let d; € R", fori=20,---,k, be non-zero
vectors. If d; are mutually Q-conjugate, i.e.

d;Qd; =0,

for all i # j, then the vectors d; are linearly independent.
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Proof. Suppose there exists constants «;, with «; # 0 for some ¢, such that
aopdy + - - - agd = 0.
Then, left multiplying with @ and d; yields
ajd;»de =0,

which implies, as @ > 0, a;; = 0. Repeating the same considerations for all j € [0, k] yields
the claim. N

Consider now a quadratic function

1
flx) = 51'/@1' +dz +d,
with 2 € IR" and Q = Q" > 0. The (global) minimizer of f is given by
T, = —Q_lc,

and this can be computed using the procedure given in the next statement.

Theorem 11 Let Q = Q' > 0 and let dy, dy, -+, dy_1 be n non-zero vectors mutually
Q-conjugate. Consider the algorithm

Thy1 = T + ody,

with . , .
oy = Vi@)de (2@ + )di
dj, Qdy, 4, Qdy;
Then, for any g, the sequence {xy} converges, in at most n steps, to x, = —Q ¢, i.e. it

converges to the minimizer of the quadratic function f.

Remark. Note that «y is selected at each step to minimize the function f(xy + ady) with
respect to «, i.e. at each step an exact line search in the direction dj, is performed. ¢

In the above statement we have assumed that the directions dj have been preliminarily
assigned. However, it is possible to construct a procedure in which the directions are
computed iteratively. For, consider the quadratic function f(x) = %:c’ Qx + dx + d, with
Q@ > 0, and the following algorithm, known as conjugate gradient method.

Step 0. Given xg € IR" and the direction
dop = —Vf(m'o) = —(Q.%'o + C).

Step 1. Set £ = 0.
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Step 2. Let
Tyl = Tp + agdy
with
Vf(zg)'d,  (23,Q+)dy
 dQdy  dQdy

. —

Step 3. Compute dy41 as follows

di+1 = =V f(zry1) + Brdk,
with
Vf(zry1) Qdy
dy, Qdy,

Step 4. Set k =k + 1 and go to Step 2.

Br =

Remark. As already observed, ay is selected to minimize the function f(zy + ady). More-
over, this selection of «ay, is also such that

Vf(m‘kJrl)/dk =0. (2.8)

In fact,
QTiy1 = Qg + o, Qdy,

hence
Vf(zki1) = Vf(xg) + apQdg. (2.9)
Left multiplying with d}, yields

V() dy

AV f(@pr1) = diV f @) + dpQdioy, = di Y f (zx) — d},Qdy, a0d,
k

Remark. By is such that dy.q is @-conjugate with respect to di. In fact,

V f(2rq1) Qdy,

d.Qd =d —Vilx +
Qd 11 kQ( f(@r41) 7 Qdr

dk) = dipQ (=Vf(@p11) + V[ (2k41)) = 0.

Moreover, this selection of B yields also
Vf(xr)dy = =V f () V f(a). (2.10)
o

For the conjugate gradient method it is possible to prove the following fact.
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Theorem 12 The conjugate gradient method yields the minimizer of the quadratic func-
tion 1
flx) = 590’@36 +dz +d,

with @ = Q' > 0, in at most n iterations, i.e. there exists m < n — 1 such that

Vf(@mi1) = 0.
Moreover
Vf(z;)'Vf(xi)=0 (2.11)
and
d;Qd; =0, (2.12)

forall[0,m+1]3i# j €[0,m+1].

Proof. To prove the (finite) convergence of the sequence {xy} it is enough to show that the
directions dj are Q-conjugate, i.e. that equation (2.12) holds. In fact, if equation (2.12)
holds the claim is a consequence of Theorem 11. N

The conjugate gradient algorithm, in the form described above, cannot be used for the
minimization of non-quadratic functions, as it requires the knowledge of the matrix @,
which is the Hessian of the function f. Note that the matrix ) appears at two levels in
the algorithm: in the computation of the scalar S required to compute the new direction
of research, and in the computation of the step 4. It is therefore necessary to modify the
algorithm to avoid the computation of V2f, but at the same time it is reasonable to make
sure that the modified algorithm coincides with the above one in the quadratic case.

2.7.1 Modification of

To begin with note that, by equation (2.9), 8y can be written as

Vi )/Vf(ﬂfk+1) = Vf(zy)
i o _ V(@) [V (@re1) = V()]
i Vi(@ri1) = V() di, [V f (1) — V f (21)]

893

Br =

and, by equation (2.8),

VI (@p) [V (@hi1) = VI (2p)]
iV f (x1,) '

Using equation (2.13), it is possible to construct several expressions for f, all equivalent
in the quadratic case, but yielding different algorithms in the general (non-quadratic) case.
A first possibility is to consider equations (2.10) and (2.11) and to define

5, = Vf(@re)' VI (@r) _ IV (@)
Vf(zr)' V(o) IV f(x)|?

Br = —

(2.13)

(2.14)
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which is known as Fletcher-Reeves formula.
A second possibility is to write the denominator as in equation (2.14) and the numerator
as in equation (2.13), yielding

VI @re1) [V (@h41) = VI (20)]
IV f () I ’

which is known as Polak-Ribiere formula. Finally, it is possible to have the denominator
as in (2.13) and the numerator as in (2.14), i.e.

VS (@r)])?
A,V f(xr)

B = (2.15)

B = (2.16)

2.7.2 Modification of oy

As already observed, in the quadratic version of the conjugate gradient method also the
step «p depends upon ). However, instead of using the «j given in Step 2 of the
algorithm, it is possible to use a line search along the direction «j. In this way, an
algorithm for non-quadratic functions can be constructed. Note that ay, in the algorithm
for quadratic functions, is also such that dj.V f(zg4+1) = 0. Therefore, in the line search, it
is reasonable to select oy, such that, not only f(zx11) < f(zk), but also di is approximately
orthogonal to V f(zj41).

Remark. The condition of approximate orthogonality between dy and V f(xxy1) cannot be
enforced using Armijo method or Goldstein conditions. However, there are more sophisti-
cated line search algorithms, known as Wolfe conditions, which allow to enforce the above
constraint. o

2.7.3 Polak-Ribiere algorithm

As a result of the modifications discussed in the last sections, it is possible to construct an
algorithm for the minimization of general functions. For example, using equation (2.15)
we obtain the following algorithm, due to Polak-Ribiere, which has proved to be one of
the most efficient among the class of conjugate directions methods.

Step 0. Given zg € IR"™.
Step 1. Set £ = 0.
Step 2. Compute V f(zg). If Vf(zx) = 0 STOP. Else let
—V f (o), if k=0

di = Vi) [Vf(ar) = V(zg_1)]
—Vi@) + V@ P

Ay, ifk>1.

Step 3. Compute o performing a line search along dy.
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Step 4. Set xpy1 = xp + opdy, k =k + 1 and go to Step 2.

Remark. The line search has to be sufficiently accurate, to make sure that all directions
generated by the algorithm are descent directions. A suitable line search algorithm is the
so-called Wolfe method, which is a modification of Goldstein method. o

Remark. To guarantee global convergence of a subsequence it is possible to use, every n
steps, the direction —V f. In this case, it is said that the algorithm uses a restart procedure.
For the algorithm with restart it is possible to have quadratic speed of convergence in n
steps, t.e

|Zstn — 2ol < Al — 2,

for some v > 0. o

Remark. 1t is possible to modify Polak-Ribiere algorithm to make sure that at each step
the angle condition holds. In this case, whenever the direction dj does not satisfy the
angle condition, it is sufficient to use the direction —V f. Note that, enforcing the angle
condition, yields a globally convergent algorithm. o

Remark. Even if the use of the direction —V f every n steps, or whenever the angle condi-
tion is not satisfied, allows to prove global convergence of Polak-Ribiere algorithm, it has
been observed in numerical experiments that such modified algorithms do not perform as
well as the original one. o

2.8 Quasi-Newton methods

Conjugate gradient methods have proved to be more efficient than the gradient method.
However, in general, it is not possible to guarantee superlinear convergence. The main
advantage of conjugate gradient methods is in the fact that they do not require to construct
and store any matrix, hence can be used in large scale problems.

In small and medium scale problems, i.e. problems with less then a few hundreds decision
variables, in which V2 f is not available, it is convenient to use the so-called quasi-Newton
methods.

Quasi Newton methods, as conjugate directions methods, have been introduced for qua-
dratic functions. They are described by an algorithm of the form

Ty = x — apH LV f(xg),

with Hy given. The matrix Hj is an approximation of [V2f(z;)]~! and it is computed
iteratively at each step.
If f is a quadratic function, the gradient of f is given by

Vf(r) =Qx+c,
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for some ) and ¢, hence for any z € IR" and y € IR" one has

Vi) = Vi) =Qy— ),
or, equivalently,
Q' VI(y) — V(@) =y -z

It is then natural, in general, to construct the sequence {Hy} such that

Hy1[V f(zr41) = Vf(@r)] = 21 — @i (2.17)

Equation (2.17) is known as quasi-Newton equation.
There exist several update methods satisfying the quasi-Newton equation. For simplicity,
set

Y = Vf(@rg1) — Vf(zg),

and
Ok = Tht1 — Tk

As a result, equation (2.17) can be rewritten as
Hyp1vk = O

One of the first quasi-Newton methods has been proposed by Davidon, Fletcher and Powell,
and can be summarized by the equations

Hy =1

DFP 5k, Hyyeyi Hi (2.18)
Hen = Het 50— —3 :
[Rel Y Hk vk

It is easy to show that the matrix Hj; satisfies the quasi-Newton equation (2.17), i.e.

Ok 0%, . Hyye vy, Hy
0k Ve ik
Sk s Ve
= Hpyp+ 226, — & H,
&Yk Ve vk
— G

Hyvve = Hpype+

Moreover, it is possible to prove the following fact, which gives conditions such that the
matrices generated by DFP method are positive definite for all k.

Theorem 13 Let Hy = H}, > 0 and assume &7y, > 0. Then the matriz

ok0y  HypveyHy
03 Yk Ve v

Hy +

is positive definite.
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DFP method has the following properties. In the quadratic case, if ay is selected to
minimize

f(zr — aHV f(2r)),
then

e the directions dp = —HV f(xx) are mutually conjugate;

e the minimizer of the (quadratic) function is found in at most n steps, moreover

Hn = Qil;
e the matrices H; are always positive definite.
In the non-quadratic case

e the matrices Hj, are positive definite (hence dy, = —HV f(xy) is a descent direction)
if 8;.v% > 0;

e it is globally convergent if f is strictly convex and if the line search is exact;
e it has superlinear speed of convergence (under proper hypotheses).

A second, and more general, class of update formulae, including as a particular case DFP
formula, is the so-called Broyden class, defined by the equations

Hy = I

Broyden i . 5k8,  HyywyhHy + o] (2.19)
k = k - ViV,
H 01 Ve Ve Vi b

with ¢ > 0 and

0 H
(A 1/2 k kVk
vk = (Ve Hk vk - :
(1 ) (52% V;QHWJ

If ¢ = 0 then we obtain DFP formula, whereas for ¢ = 1 we have the so-called Broyden-
Fletcher-Goldfarb-Shanno (BFGS) formula, which is one of the preferred algorithms in
applications. From Theorem 13 it is easy to infer that, if Hy > 0, .0, > 0 and ¢ > 0,
then all formulae in the class of Broyden generate matrices Hy > 0.

Remark. Note that the condition d;y; > 0 is equivalent to

(Vf(@ps1) = Vf(xx) dx >0,
and this can be enforced with a sufficiently precise line search. o

For the method based on BFGS formula, a global convergence result, for convex functions
and in the case of non-exact (but sufficiently accurate) line search, has been proved.
Moreover, it has been shown that the algorithm has superlinear speed of convergence.
This algorithm can be summarized as follows.
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Step 0. Given zg € IR™.
Step 1. Set k = 0.

Step 2. Compute Vf(xg). If Vf(xx) = 0 STOP. Else compute Hj with BFGS
equation and set

dr, = —HiV f(zy).
Step 3. Compute o performing a line search along dy.
Step 4. Set xpy1 = xp + opdy, k =k + 1 and go to Step 2.

In the general case it is not possible to prove global convergence of the algorithm. However,
this can be enforced verifying (at the end of Step 2), if the direction dy, satisfies an angle
condition, and if not use the direction dp = —V f(x). However, as already observed, this
modification improves the convergence properties, but reduces (sometimes drastically) the
speed of convergence.

2.9 Methods without derivatives

All the algorithms that have been discussed presuppose the knowledge of the derivatives
(first and/or second) of the function f. There are, however, also methods which do not
require such a knowledge. These methods can be divided in two classes: direct research
methods and methods using finite difference approximations.

Direct search methods are based upon the direct comparison of the values of the function
f in the points generated by the algorithm, without making use of the necessary condition
of optimality Vf = 0. In this class, the most interesting methods, i.e. the methods for
which it is possible to give theoretical results, are those that make use cyclically of n
linearly independent directions. The simplest possible method, known as the method of
the coordinate directions, can be described by the following algorithm.

Step 0. Given zg € IR™.

Step 1. Set k = 0.

Step 2. Set j = 1.

Step 3. Set dj, = e;, where e; is the j-th coordinate direction.

Step 4. Compute o performing a line search without derivatives along dj.
Step 5. Set xp11 = xp + apdy, k =k + 1.

Step 6. If j <nset j =5+ 1 and go to Step 3. If j =n go to Step 2.
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It is easy to verify that the matrix

Py = [ dp diyr 0 dggno
is such that
|det P| = 1,
hence, if the line search is such that
/
lim Lf(xk) i =0
k—oo  ||dk|

and
lim ||xgy1 — xkl| =0,
k—o0

convergence to stationary points is ensured by the general result in Theorem 5. Note
that, the line search can be performed using the parabolic line search method described
in Section 2.4.4.

The method of the coordinate directions is not very efficient, in terms of speed of conver-
gence. Therefore, a series of heuristics have been proposed to improve its performance.
One such heuristics is the so-called method of Jeeves and Hooke, in which not only the
search along the coordinate directions is performed, but also a search along directions
joining pairs of points generated by the algorithm. In this way, the search is performed
along what may be considered to be the most promising directions.

An alternative direct search method is the so-called simplex method (which should not
be confused with the simplex method of linear programming). The method starts with
n + 1 (equally spaced) points x(;) € IR" (these points give a simplex in IR"). In each of
these points the function f is computed and the vertex where the function f attains the
maximum value is determined. Suppose this is the vertex z(, ). This vertex is reflected
with respect to the center of the simplex, i.e. the point

1 n+1

As a result, the new vertex

.%'(n+2) =X+ Oé(.%'c - .%'(n+1))

where a > 0, is constructed, see Figure 2.6. The procedure is then repeated.

It is possible that the vertex that is generated by one step of the algorithm is (again) the
one where the function f has its maximum. In this case, the algorithm cycles, hence the
next vertex has to be determined using a different strategy. For example, it is possible to
construct the next vertex by reflecting another of the remaining n vertex, or to shrink the
simplex.

As a stopping criterion it is possible to consider the condition

1 n+1

— (f@a) - f)2 <e (2.20)

i=1
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Figure 2.6: The simplex method. The points z(1), 2(2) and z(3) yields the starting simplex.
The second simplex is given by the points x (1), z(2) and x4). The third simplex is given
by the points z (), 2(4) and z(s).

where € > 0 is assigned by the designer, and

3 1 n+1
f= | ;f(w(i)),

i.e. f is the mean value of the f(z (). Condition (2.20) implies that the points z(;) are all
in a region where the function f is flat.

As already observed, direct search methods are not very efficient, and can be used only for
problems with a few decision variables and when approximate solutions are acceptable. As
an alternative, if the derivatives of the function f are not available, it is possible to resort
to numeric differentiation, e.g the entries of the gradient of f can be computed using the
so-called forward difference approximation, i.e.

Of(x)  flz+te)— f(x)
8-%'1' - t ’

where e; is the i-th column of the identity matrix of dimension n, and ¢ > 0 has to be
fixed by the user. Note that there are methods for the computation of the optimal value
of t, i.e. the value of £ which minimizes the approximation error.

2.10 Exercises

This section contains a set of exercises related to the notions, concepts, algorithms and
tools discussed in Chapter 2, together with exercises on topics which have not been covered
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in the book. In these cases, the specific topic is briefly illustrated in the text of the exercise.
The objective is to draw the reader’s attention to the fact that there are many more ideas,
methods and algorithms which have been developed to solve unconstrained optimization
problems and which are not covered in the book. The basic principles provided in Chap-
ter 2 should however be sufficient to understand more advanced and involved methods.
Not surprisingly, a significant number of exercises is devoted to Newton’s method and
its modifications: undoubtedly, Newton’s method is one of the most important methods
in optimization (and numerical analysis). All exercises have a brief worked out solution,
which provides guidelines and checkpoints to help the reader assess their level of under-
standing and familiarity with the content covered. Note that the exercises are not ordered
in any particular way: the order is the result of the history of my optimization course and
of the exam papers I have set over the years.

Exercise 1 Consider the problem of minimizing the function
f(z) =2} + 25 — 2.
a) Compute the unique stationary point of the function, and show that the function is radially un-
bounded.

b) Using second order sufficient conditions show that the stationary point determined in part a) is a
local minimizer. Also show that the point is a global minimizer.

¢) Consider the minimization of the function f using the gradient algorithm. Express analytically the
form of the generic iteration, i.e.

Pr+1 = pr — aV f,
where p; = [z%, 23]’
d) Consider the initial point po = [1, 1]’ and apply one step of the gradient algorithm from part ¢) with
exact line search. Verify that p; coincides with the stationary point determined in part a).

e) It is known that for quadratic functions, such as the function f above, the gradient algorithm is
globally convergent, however the speed of convergence may be very slow. Discuss why, for the
function f, the gradient algorithm with exact line search converges in one step.

Solution 1
a) The stationary points of the function f are computed solving the equation

2301 — 1
2:82 )

0=vi-|

yielding the unique stationary point 1 = 1/2 and z3 = 0. The function f is of the form z'Qx +c'z
with @ = diag(1,1) > 0, hence it is radially unbounded.

b) Note that V2 f = diag(2,2) > 0, hence z* is a local minimizer. It is also a global minimizer for the
following reasons: the function f is C'' and radially unbounded, therefore the global minimizer is a
stationary point.

¢) The generic iteration of the gradient algorithm for the considered function f is
2 =2 — (22 — 1) o5t = 2h — a(225).

d) Let 29 = 23 = 1. Hence
x}zl—a x%:l—QaA

Note now that f(z},23) =1 — 5a + 5a? and this is minimized by o* = 1/2, yielding

r1=1-a"=1/2 =21} zh=1—2a" =0=uz5.
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e) For the considered function the gradient algorithm with exact line search converges in one step (from
any initial point) because the function is quadratic and the minimum and maximum eigenvalues of
V2f coincide.

Exercise 2 Consider the problem of minimizing the function
4 1
fz) =27 + z122 + 522

a) Compute the stationary points of the function.

b) Using second order sufficient conditions classify the stationary points determined in part a), i.e. say
which is a local minimizer, or a local maximizer, or a saddle point.

¢) Consider the minimization of the function f using Newton’s algorithm. Express analytically the
form of the generic iteration, i.e.

2 =1
pk+1:pk7[v f] Vf,
where p; = [z%, 23],
d) The equation in part c) defines a nonlinear discrete-time system with equilibria coinciding with the

stationary points of the function f.

Consider the linear approximation of the system in part c¢) around the equilibrium corresponding
to the local minimizer of the function f with 21 > 0, and compute the eigenvalues associated with
the linear approximation.

Interpret the result obtained in terms of convergence properties of sequences generated by Newton’s
algorithm and initialized close to a local minimizer.

[}

and, using the results in part c), apply four steps of Newton’s algorithm to generate the points p1,
p2, p3, p4a. Comment on the speed of convergence of the sequence.

e) Consider the initial point

Solution 2

a) The stationary point of the function f are computed solving the equation

4z3 + o
Tl + T2 ’

0=vi-|
yielding the stationary points
«_ |0 | —1/2 i 1/2
o R v B

b) Note that

is indefinite and that

VA G = VAI(0) = [ -

Hence, p* is a saddle point, and p* and p* are local minimizers.
¢) The generic iteration of Newton’s algorithm for the considered function f is

ZF = 8(-’“16)3 pE = 8(917116)3
! 12(zh)2 -1’ 2 12(zk)2 — 17
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The linear approximation of the above nonlinear discrete-time system around the point p* is the
system

0 0
pk+1Apk{O 0 ]Im

This linear system is such that p1 = 0 for any po, and this explains the local ’fast’ speed of
convergence of Newton’s iteration.

A simple computation yields the sequence

|1 [ o.r2r227273 [ 057552339460
Po=1\ o [ Pr=| _o7or2m2m273 |° P2 T | —0.57552339460 |°
[ 051266296461 [ 05004542259
Ps =1 051266296461 |  P*T | —0.5004542259 |°

and this shows the fast convergence (approximately two exact digits for each iteration) of Newton’s
algorithm.

Exercise 3 Consider the function

flx) = x? + z1x2 + (21 — x2)4.

Compute all stationary points of the function.
(Hint: obtain first (z1 — z2)® in terms of z; from the necessary conditions of optimality.)

Using second order sufficient conditions, classify the stationary points determined in part a), i.e.
say which is a local minimizer, or a local maximizer, or a saddle point.

Consider the point p = (0,0) and the direction d = 7:13 ] Using the definition of a descent

direction, show that d is a descent direction for f at p.

1 .
_3 starting at p = (0,0). Show that the
point obtained as a result of the line search procedure is a local minimizer of the function f.

Perform an exact line search along the direction d =

Solution 3

a)

The stationary points of the function f are computed by solving the equation

- | 2z 4 me +4(x1 — x2)3

O—Vf— |: 1’1*4(1'171'2)3 ’

yielding
1 3 1 3
n-oo. p-(55) P (5w
Note that
vif = 24+ 12(x1 — 22)? 1 —12(z1 — 22)?

T 1-12(z —22)® 12(m1 — x2)?

Thus

=N

Vf(Py) = [

1
0 )

o= < [ 4]

which is an indefinite matrix, and

which is a positive definite matrix. As a result, P; is a saddle point, and P> and P are local
minimizers.
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By definition, a direction d is a descent direction for f at p if there exists § > 0 such that

flp+Ad) < f(p),
for all A € (0,9). Consider now the given direction and note that f(p) =0 and that
f(p+Ad) = =227 + 256)*.
Hence, f(p + Ad) < f(p) for all A > 0 and sufficiently small. (Note that Vf(p)’'d = 0, hence this
condition cannot be used to decide if d is a descent direction, or otherwise.)

To perform an exact line search along the direction d, starting from p = (0,0), we need to find the
minimum of the function

d(N) = f(p+Ad) — f(p) = =227 + 256)*

for A > 0. Note that

do 3
— = —4\ + 1024
o A+ 1024)°,

hence the minimum is achieved for A = 1/16. The resulting point is (1/16, —3/16) and this coincides
with one of the local minimizers determined in part a).

Exercise 4 Consider the problem of minimizing the function

a)
b)

f(x) = 2 + 223 + 4x1 + 4ao.

Compute the stationary points of the function.

Consider the minimization of the function f using the gradient algorithm. Express analytically the
form of the generic iteration, i.e.

Pe+1 =pr — aVf,
where p; = [z}, 23]’
Compute three steps of the gradient algorithm with exact line search from the initial point po =

[0,0]’, using the fact that, for this po the exact line search parameter « is equal to 1/3 for all k.
Check that indeed o* = 1/3 for the first iteration.

Exploit the results of part c) to show that the gradient iteration with exact line search for po = [0, 0]’
gives

and hence show that 1
(@) = st +2),

1
(25" +1) = —2 (w5 + 1).
Hence, deduce that the sequence {px} can be written as
=
Pk+1 = (7l)k+171 .

3

Show that the sequence {px} converges to the stationary point determined in part a).

Solution 4
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a) The stationary points of the function f are computed by solving the equation

o o 2x1 +4

yielding the stationary point
pr=(-2-1).
b) The generic iteration of the gradient algorithm for the considered function f is
2T = 2 — (2 + 4), o5t = 2h — a(4ah +9).
c) Setting (z?,23) = (0,0) one has (1, x3) = (—4a, —4a) and
f(—4a, —4a) — f(0,0) = 480> — 320

Minimizing this function yields a* = 1/3 (as stated). Therefore, (21, x3) = (—4/3, —4/3).
Repeating the same considerations, and setting always o = 1/3, one has

(¢7,23) = (~16/9,-8/9)

and
(z3,23) = (=52/27, —28/27).

d) Setting a = 1/3 in the gradient iteration yields

1 4 1 4
xlfﬂzgwlf—? $§+1=——$§—§7
and this can be also written as
1 1
(@7 +2) = 50T +2), (237 + 1) = 5 (a5 +1).
As a result
k1 % o k1 1\* o
@ +2) = (3) @2, @+ 1= (—3) @+,
or, equivalently,
k+1 1\* k41 1\*

Finally, as k — oo 2¥ — —2 and 25 — —1, i.e. the sequence converges to the stationary point
determined in part a).

Exercise 5

a) An electrical engineer wants to maximize the current I between two points A and B of a complex
network by adjusting the values x1 and z2 of two variable resistors. The engineer does not have a
model of the network and decides to opt for this procedure.

e Keep the value x2 fixed and adjust x1 to maximize I.
e Keep the value x; fixed and adjust x2 to maximize I.

e Repeat the above steps until no further improvement can be obtained.

Explain if this approach has sound theoretical basis, i.e. discuss under what assumptions the above
procedure determines a stationary point of the function I.

b) Let f: R"™ — IR be a differentiable function. Suppose that z, is a local minimizer of f along every
line that passes through z., i.e. the function

9(@) = f(@x + ad)

is minimized at o = 0 for all d € IR".
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i) Show that V f(z.) = 0.
ii) Is x. a local minimizer of f?

iii) Consider the function
f(@1,2) = (w2 — 1) (x2 — 227).
Show that the point (0, 0) is a local minimizer of f along every line that passes through (0,0).

Show that the point (0,0) is not a local minimizer of f.
(Hint: consider the values of f for z1 =y and z2 = my® and m € IR.)

Solution 5

a) The engineer is applying the so-called coordinate directions method with an exact line search (with-
out derivatives), as described in Section 2.9, for the minimization of the function —I = —I(z1,z2).
This approach provides a sequence of points converging to a stationary point of the function 1
provided that the initial point is selected inside a compact level set of —I(z1, z2).

b) i) Note that, by assumption, the function

j—i = Vf(ze +ad)d

is zero for o = 0 and for every d. This means that
Vi(zs)'d=0
for every d, and this implies that
Vf(zs)=0.
ii) Without further information on f it is not possible to draw any conclusion on z, i.e. T, is a
stationary point of f, but it may be a local minimizer, a local maximizer or a saddle point.

iii) Consider a line that goes through zero, namely x2 = yx1, and note that
flaryen) = (a1 - ad) (o — 208) = %% — yat + 201

and this shows that for all v the point 1 = 0 is a local minimizer of f(z1,7yz1). For com-
pleteness we have also to consider the line 1 = 0 (which corresponds formally to v = o0).
Note that

f(0,z2) = x%
hence the point z2 = 0 is a minimizer of f(0, z2).
To show that (0, 0) is not a local minimizer of f note first that f(0,0) = 0 and then let z; =y
and z2 = my?. Note that

Fly,my®) =y (m —1)(m —2).

Pick m € (1,2) and note that for such values of m

fly.my®) =y*(m —1)(m—2) <0

for all y # 0. This shows that close to the point (0,0), where the function is zero, there are
points in which the function takes negative values. Hence, (0,0) is not a local minimizer of f.

Exercise 6 Consider the problem of minimizing the function
_ 15 4,1 g 2
flzi,x2) = 321~ az1 + il + T172 + T3,
where « is a constant.

a) Compute all stationary points of the function.

b) Let a = 5/12. Using second order sufficient conditions classify the stationary points determined in
part a), i.e. say which is a local minimizer, or a local maximizer, or a saddle point.
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¢) Let @« = 5/12. Show that the function f is radially unbounded and hence compute the global
minimum of f. Is the global minimizer unique?

Solution 6

a) The stationary points of the function f are computed by solving the equation

2 — daz? 219
0=Vf— /3z1 — daxi + 3/227 + z2 .
T1 + 2x2
Solving the second equation for z2 yields 2 = —1/2 x1, and upon replacement in the first equation
we obtain

lxl — 404:2? + gx? =0,

yielding, for || > 1/4,

1 1
T1a = 0, T1p = g\/12a +34/16a2 — 1, Tie = 75\/1204 +34/16a2 — 1,

T1qg = %\/120473\/16042 -1, Tie :fé\/12a73\/ 1602 — 1.

b) For a = 5/12 we obtain the stationary points

P, = (0,0), P, =(1,-1/2), P.=(-1,1/2),

Pd:(1/3771/6)7 PS:(71/37 1/6)
Note now that, for oo = 5/12,
2, | 2/3-5x7+15/2z7 1
Vif= { 1 2

and that

V2f(P,) = [ 2{3 ; } >0

V() =V f(Pe) = { . } >0

V2 (Pa) = V2F(P.) = [ A ] 0.

As a result, P,, P, and P. are local minimizers, and P; and P. are saddle points.

e heoa (b )
12 1 4 1 — 41 1

¢) Note that

is radially unbounded. Hence
fz1,22) = (%-’E% + x122 + :Eg) +xt (le — i)
is also radially unbounded. The global minimum of f is also a local minimum of f. Note that
f(P.)=0  f(P)=f(P.)=-0.833---.

Hence, P, and P. are both global minimizers, therefore the global minimizer is not unique.
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Exercise 7 Consider the problem of minimizing the function
f(x) =z _Ing7
with z > 0.
a) Compute analytically the minimizer of f.

b) Write Newton’s iteration for the considered problem.

¢) Consider the Newton’s iteration in part b) with initial point zo = 1.99. Compute ten steps of the
Newton’s iteration. Argue that the resulting sequence converges to the minimizer of f. Show that
the sequence converges to the minimizer of f with quadratic speed of convergence.

d) Consider the Newton’s iteration in part b) with initial point o = 2.01. Compute five steps of the
Newton’s iteration. Argue that the resulting sequence diverges.
e) Consider the Newton’s iteration in part b). Show that
i) if the initial point 2o = 2 then xzx = 0, for all k > 1;
ii) if the initial point g = 0 then x) = 0, for all k > 1;
iii) if the initial point xg > 2 then x; < 0, for all £ > 1 and the sequence does not converge;
iv)

if the initial point zo € (0,2) then = € (0,2), for all k£ > 1 and the sequence converges to the
minimizer determined in part a).

Solution 7

a) The minimizer of f is obtained solving Vf =1—1/x = 0, yielding = 1. Note that = 1 is indeed
a minimizer (a global one), because the function f is convex for all z > 0.

b) The Newton’s iteration is

LTk+1 = Tk — %Vf(mk) =Tk — l’i(l — l’_lk) = (2 — xk)xk
c) Let o = 1.99 then

z1 = 0.01990

z2 = 0.03940399

zz = 0.07725530557208
r4e = 0.14854222890512
rs = 0.27501966404215
re = 0.47440351247444
rr = 0.72374833230079
zgs = 0.92368501609341
r9g = 0.99417602323134

10 = 0.99996608129460.

The sequence is converging to x = 1, i.e. to the local minimizer of f. To establish quadratic speed
of convergence note that

Eor1 _ oo =1 | —z)ae =1 _
E u—12 (T, — 1)2 -
d) Let xo = 2.01 then
r1 = —0.02010
ro = —0.04060401
r3 = —0.08285670562808

—0.17257864492369
rs = —0.37494067853109.

We then infer that the sequence is monotonically decreasing and lim zj = —oo.
k— oo

8
kN
Il
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e) The first two points are trivial noting that
Trpt1 = (2 — xp)Tk

and the right hand side of this equation is zero for z = 0 or xx = 2, that is x = 0 and « = 2 are
equilibria of the above discrete-time system. Note now that if o > 2 then x1 < 0. Moreover if
xr < 0 then

Tpr1 = (2 — xp)z < T4,

which proves the third claim. Finally, if x5 € (0,2) then it is easy to verify that
0< Tht1 = (2 — xk)mk < 2.

Moreover, if xy = 1 then xx4+1 = 1, hence x = 1 is an equilibrium of the discrete-time system
ZTi+1 = (2 — zk)zg. Finally, if z, € (1,2)

O<$k+1 < 17

and if z € (0,1)
T < Trpr1 < 17

which shows convergence of the sequence to z = 1.

Exercise 8 Consider the problem of minimizing the function

1 1
flz1,22) = S Qx?”“ — 120 + 5373,

where n is a positive integer.
a) Compute all stationary points of the function.

b) Using second order sufficient conditions classify the stationary points determined in part a), i.e. say
which is a local minimizer, or a local maximizer, or a saddle point.

¢) Show that the function f is radially unbounded and hence compute the global minimum of f. Is
the global minimizer unique?

d) Consider the point Py = (0,0) and the direction

1
d- { : ] |
Show that the direction d is a descent direction for f at Py.

Solution 8
a) The stationary points of the function f are computed by solving the equation

2n+1 _
O:Vf:[xl le

—T1+ T2

The second equation yields x2 = x1, hence the first equation becomes

0=a"" — 2y =21 (2" — 1).

The (real) solutions of this equation are 1 = 0, z; = 1 and 1 = —1. In summary, the function f
has three stationary points

P, = (0,0), P, = (1,1), P.=(-1,-1).
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b) Note that (recall that n is a positive integer)

VQf_[@mi)x%” L ]

Hence
Vi(P) = [ o }

which is an indefinite matrix, and

2n+1 -1

I

Vf(Py) = V2 f(P) = {

As a result P, is a saddle point, and P, and P. are local minimizers.

¢) Note that

1 . 1 1 . 1
f= 2n+2$§ +2*$1$2+§$§: 2n+2$§ +2*-’E%+(-’E%*-’E1-’E2+§-’83)-

The function

is radially unbounded, as a function of z; alone, and the function z? — ;22 + %x% is radially
unbounded as a function of x1 and x2. As a result the global minimum of f is also a local minimum.
Note that (recall again that n is a positive integer)

n

FP) = §(P) = =5

<0,

hence both P, and P, are global minimizers.
d) The point Py coincides with the saddle point P,. The function f along the direction d is given by
_ _ 1 otz 1 o
Note that ¢(0) = 0 and that ¢(a) < 0 for @ > 0 and sufficiently small (namely for all o €

(07 (n+ 1)ﬁ)7 hence d is a descent direction for f at Pp.

(Note that ¢(«) is negative also for o € (f(n + 1)%,0), i.e. —d is also a descent direction for f
at PO)

Exercise 9 Newton’s method for the minimization of a function f : IR — IR is based on a quadratic
approximation of the function at a given point. An alternative way to construct a quadratic approximation

that does not require the computation of the second derivative is to consider an approximation based on the
df(@r) ond df (1)
dx dx

knowledge of two points xy, and z,_1 and of the values f(zx), . Such an approximation

is given by
df (z-1) B df (zx) ,
a(@) = flaw) + dfc(lzk) (z — ) + dik:—l - xkdx = _ka) .
a) Show that the function ¢(z) is such that
a(xx) = flxx), dqc(ljﬁ _ dfc(lzkx dq(ﬁi_l) _ df(:fl;_l)l

b) Compute the stationary point z. of g(z).

¢) Consider the algorithm, known as the method of the false position, obtained by setting zx+1 = z«,
with z, as in part b), and argue that this algorithm provides an approximation of Newton’s method
that does not require the computation of the second derivative of f.
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d) Show that the method of the false position applied to the minimization of a quadratic function
f = az? + bz + ¢, with a > 0, coincides with Newton’s method.
4
e) Consider the function f = % + «. This function has a global minimizer at z = —1.

i) Show that the method of the false position yields the iteration

1
22 4 xp_1xk + 2
k—1 k—1Lk k

Thil = Tk — (mi +1)

ii) Evaluate

[Ekt1] _ |zt + 1]
& (zx + 1)
and show that if lim xp = —1 then
k— o0
|kl
lim —— =1.
Jim s

Hence, quantify the speed of convergence of the method.

Solution 9

a) Setting = zy, in q(z) yields q(zx) = f(xr). Note that
df (wk—1)  df (k)

dq(z) _ df (xx) dz dx .
Az dz Th—1 — Tk (== o)
hence, setting x = x) and x = xr_1 yields
dg(zr) _ df (zk) dg(xr—1) _ df(zr-1)
de —  dx de ~  dx

b) The stationary point z, of g(x) is obtained by solving the equation

dq(z)
dzr

=0,

which yields

df (xk—1) _ df (xx)
dx dx df (zx)
Tr—1 — Tk dx

Ty =Tk —

¢) The method of the false position is therefore given by

df(xe—1) _ df (xx) ;
Tht1 = Tk — dgk_l — xkdx f(g‘,;k)

This algorithm is an approximation of Newton’s method because the quantity

df (xr—1) _ df (xx)
dx dx

Tk—1 — Tk

2
is an approximation of %(f) at © = xi. Note however that, unlike Newton’s method, the method of
the false position does not need the computation of the second derivative: it uses an approximation.
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d) For quadratic functions one has

d* f(x)
S2I\) 9
dz? @
and
df (xr—1) _ df(zw)
dz do_ _ (2axg—1 +b) — (2axk +b) o
Th—1 — Th Th-1— Tk ’

hence, for such functions, Newton’s method and the method of the false position coincide.

’ 4 (=)

e) If f= % + z then pra 2> + 1, and replacing in the expression of the considered method yields

Tk—1 — Tk

Tk—1 — -’Ek( 3
ap_y+1) = (zf +1)

(2} +1) = xx —
Ti_y — T}

Tk+1 = Tk — (

and, recalling that
Th_y —xh = (xh—1 — xk)(xi—l + Tp—1xK + l’i%

1
2 4 xp_1Tp + 2
b1 k—1Tk %

Thil = Tk — (xi +1)

Note that 1
1= 1—(zp+1
Tht1 + Tr + (zy + )xi_l-l—xkflxk-i-xi
Tk +Tp—1—1
= 1 _ 1
(xx + 1) (zp—1 + )xi_1 F——
hence
[Ekt1]  |or—1+1 ap+ap—1—1
&t zp+1 22 | ez +ai|
&
If lim zx = —1 then also lim xx_1 = —1, hence @ = 1, which shows that the algorithm has
k— o0 k—oco gk

quadratic speed of convergence (if it converges).
Exercise 10 Consider the problem of minimizing the function
Fl@n, @, wnry) = g7 e bk g = b m )yt oy
where n is a positive integer.
a) Compute all stationary points of the function.

b) Using second order sufficient conditions classify the stationary points determined in part a), i.e. say
which is a local minimizer, or a local maximizer, or a saddle point.

¢) Show that the function f is radially unbounded and hence compute the global minimum of f. Is
the global minimizer unique?

d) Consider the points P, = (1,1,---,1,1) and P, = (—1,—1,---,—1,—1) and the direction d from
P, to P,. Show that this is an ascent direction for f at P,.
Solution 10
a) The stationary points of the function f are computed by solving the equations

3

Ty —Yy

z3—y
0=Vf= :

zd —y

—X1—T2— = Tp +NY
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The first n equations yield z; = yl/ 3 hence the last equation becomes
0=—ny"® + ny =n(y —y"?.

The solutions of this equation are y =0, y = 1 and y = —1. In summary, the function f has three
stationary points

P, =(0,---,0,0) Py=(1,---,1,1) P.=(-1,---,—1,—1).
Note that
3x2 0 - 0 -1
0 3z2 .- 0 -1
V=1 o b
0 --- 0 322 -1
-1 -1 -1 n
Hence
0O 0 -+ 0 -1
0 0 0 -1
VI f(Pa) = 0 o : Sl
0O -~ 0 0 -1
-1 -1 -+ =1 n

which is an indefinite matrix, hence P, is a saddle point. Finally,

V2f(Pb)—V2f(Pc)—{ 3 }

' n
where v’ = [ 1 -1 ] Exploiting the relation

{I 0“31 U:||:I v/S]_[SI 0 }
/3 1 ' n 0o 1 || 0 2/3n |’

we conclude that P, and P. are local minimizers.

The function f can be written as

1 1 1 1 n
F=g@ =1+t 1@ =) Slm =) et S —y) -
Hence f 4+ n/4 is a sum of squares, and all variables x1, z2, ---, Zn, y are present in one of the

squares. As a result the function is radially unbounded and the local minimum of f is also a global
minimum. Note that n
f(R) = f(P) = =% <0,

hence both P, and P, are global minimizers.

The direction from P, to Py, is

d= P, —P,=-2

The function f along the direction d at P, is given by
pla) = f(1—2a,-,1—2a,1—2a) = %(17204)47 g(lfzoé)2 :f%+4na2+---

Note that ¢(0) = —n/4 and that ¢(a) > —n/4 for a > 0 and sufficiently small, hence d is an ascent
direction for f at P,.
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Exercise 11 Consider the problem of minimizing the function
f(z1,20) = 23 — Sxo(x} + x3) + (2] + 23)°,

the level lines of which, for 6 = +/32/3 are plotted in the figure below.

15

L2051}

-05 1 1 1 1 1 1 1 1 1
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a) Compute all stationary points of the function as a function of §.

b) Assume § = 1/32/3.

i) Determine the stationary points of the function f, indicate them the figure, and classify the
stationary points i.e. say which is a local minimizer, or a local maximizer, or a saddle point,
without computing the Hessian matrix of f.

ii) Determine, from inspection of the figure, a set of points such that the gradient algorithm with
exact line search initialized at such points yields a sequence which converges to the global
minimizer in one step. Sketch the obtained set on the figure.

iii) Determine, analytically, all points such that the gradient algorithm with exact line search
initialized at such points yields a sequence which converges to the global minimizer in one
step. Sketch the obtained set on the figure.

Solution 11

a) The stationary points of the function f are computed by solving the equations

s 221(227 — 6x2 + 223)
0=Vf=
2z — 63 — 3623 + dzox? + 4

From the first equation we have z; = 0 or 2% = —z3+ %xz. Replacing 1 = 0 in the second equation
yields
0= x2(2 — 30x2 + 4x§)
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Replacing z? = —23 + gl'g in the second equation yields
1

0= —522(6 —2)(5 +2).

In conclusion the function f has the following stationary points.

e Py =(0,0), for any value of 4.

30 — 902 — 32

. 2 . _ f
3 ) if 62 > 22, Note that if § = £¥%22

2 _
Py = (0, 30+ V99" =32 Vzd‘%) and Py = (0,

then P1 = PQA

e If § = £2 then all points in the set z? + x5 — %xz = 2 + 23 F x5 = 0 are stationary points.

V32

b) Consider now the case in which § = ——.

i)

iii)

3

The only stationary points are Py and Py = P> = (0, g) From the figure we conclude that
Py is a local minimizer, and P, = P> is a saddle point. (The Hessian matrix is singular at Py
and Pp, hence it cannot be used to classify these points.)

Note that the gradient of f on the x2-axis is given by

0
VF(0,22) = x2(2 — V322 + 423) |-

The gradient of f on the x2-axis is a direction of ascent which is parallel to the x»-axis.
Therefore, the gradient algorithm with exact line search yields the global minimizer in one
step for all initial points on the x2-axis.

The set of points such that the gradient algorithm with exact line search yields a sequence
which converges to the global minimizer in one step is obtained eliminating «, i.e. the line
search parameter, from the equation

0=z —aVf(z).
This yields the set of points described by
x1(2V2(2] + 23) — 3x2) = 0,

i.e. the xo-axis and the circle

3
x?ergf Z\/ixg =0,

which is a circle centered at P = (0, %\/5) and with radius equal to %\/5) The set of all
points with the requested property is indicated on the figure with “dots”.
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15
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Exercise 12 Consider the problem of minimizing the function
2 4,1 g 15
flx1,x2) = 4x] — 227 + gxl + x172 + 1%

a) Compute all stationary points of the function.

b) Using second order sufficient conditions classify the stationary points determined in part a), i.e. say
which is a local minimizer, or a local maximizer, or a saddle point.

¢) Show that the function f is radially unbounded and hence compute the global minimum of f. Is
the global minimizer unique?

d) Using the results of parts a), b) and c) sketch the level lines of the function f.

Solution 12

a) The stationary points of the function f are computed by solving the equations

8xr1 — 8:2? + 237? + x2
T+ %$2

0=Vf=
The second equation yields x2 = —2x1, which replaced in the first equation yields
0 =2z (x1 — 1)(z1 + 1)(2] — 3).
As a result, the function f has five stationary points

P =(0,0), Py = (—1,2), Ps = (1,-2), P, = (V3,-2V/3), Ps = (—/3,2V/3).

b) Note that
8 — 24x? 4+ 10z7 1
Vif =
1 1
2
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As a result

2

v2f(P1)—[f 11],

which is a positive definite matrix, hence P is a local minimizer;

1
2

VES(P2) = VA S(Py) [ o ] ,

which is an indefinite matrix, hence P> and Ps are saddle points;

1
2

V2 (Ps) = V1 (Ps) { 1 ] 7

which is a positive definite matrix, hence P4 and Ps are local minimizers.
The function f can be written as
1 2 :E% 2 2

Hence f is a sum of squares, and all variables x1 and x2 are present in one of the squares. As a
result the function is radially unbounded and the local minimum of f is also a global minimum.
Note that

f(Pr) = f(Pa) = f(P5)=0
hence Pi, Py and Ps are all global minimizers.

The level lines of f can be sketched using the following considerations.

e Around the minimizers the level lines are closed.

e The value of f at the saddle points P> and Ps is 4/3. There is a level line that connects the
saddle points. Close to the saddle points this level line is composed of two curves.

A sketch of the level lines is in the figure below.

x2
=)
T

Exercise 13 Consider the problem of minimizing the function

1 1 1
flz1,22) = ixf (gx% + 1) + x5 arctan o — 3 ln(xg +1).
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a) Compute the unique stationary point of the function.

b) Using second order sufficient conditions show that the stationary point determined in part a) is a
local minimizer.

¢) Consider now the minimization of the function using Newton’s method.

i) Write Newton’s iteration for the considered problem.

ii) Show that Newton’s direction is a descent direction for f at any point which is not a stationary
point.

iii) Compute four steps of Newton’s algorithm from the initial point (1,0.5). Compute four steps
of Newton’s algorithm from the initial point (1, 2).

iv) Discuss why the second sequence computed in part c.iii) does not converge to the global
minimizer, despite the fact that Newton’s direction is always a descent direction. Propose
a simple modification of Newton’s iteration that would guarantee global convergence to the
minimizer.
Solution 13

a) The stationary points of the function f are computed by solving the equations

-z T
3T
arctan ra

0=Vf=

These equations have the unique solution z1 = x2 = 0, which is therefore the unique stationary
point of f.

b) Note that

7 +1 0
Vi = 1
0 2
1+ 23
Hence V2f(0,0) = diag(1,1), which is a positive definite matrix. The stationary point is a local
minimizer.
c) i) Newton’s iteration is
Tk+1 = Tk — [VQf(ack)]_IVf(ack)
hence 5
2% 4 5
Tht1,1 = 73(302 1) Tht1,2 = Th,2 — (1 + x) o) arctan zy 2.
k1

ii) Newton’s direction is
d=~[V*f(2)]"'Vf(2).
Note that
VI d= V[V f(@)] ' Vf(z) <0,

for all points such that V f(x) # 0, since V2 f is positive definite. As a result, d is a descent
direction for f for all x # 0.

iii) A direct computation yields
zo = (1,1/2), z1 = (1/3,-0.079), z2 = (0.022,0.00033),
x3 = (0.000007, —2.5 107'1), x4 = (2.6 1071¢,0),

and
xo = (1,2), x1 = (1/3,—-3.53), x2 = (0.022,13.95),

x3 = (0.000007, —279.34), x4 = (2.6 1071% 1.2 10%).
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iv) The second sequence does not converge since Newton’s method guarantee only local con-
vergence properties. To achieve global convergence, since Newton’s direction is a descent
direction for f at any x # 0, it is enough to introduce a line search parameter, i.e. to consider
the iteration

Tht1 = Tk — OC[VQf(xk)]_IVf(xk)7

with a > 0, and determined using a line search algorithm.

Exercise 14 Consider the problem of minimizing a function of n variables z1, x2, - -, ., defined as
[y, zn) = filw) fa(@2) - fo(za),
that is the function f is the product of the n functions f;, each of the variable x; only.
a) Assume that all functions f; are such that
fi(zi) >0
for all z; and that there exist unique z; such that z is a stationary point of f;.

i) Compute the stationary point z* of the function f.

ii) Using second order sufficient conditions show that the stationary point z* of the function f
is a strict local minimizer if and only if all =} are strict local minimizers of the functions f;.

b) Assume n = 3, that is consider the function

flz1,22,23) = fi(z1) fo(z2) f3(ws).

Assume that the functions f; do not have stationary points but that there exists, for i = 1,2,3, a
unique point x; such that

fi(a?) =0
and
filwi) # 0
for all z; # x7.
i) Compute all stationary points of the function f.

ii) Show that the Hessian matrix of f at any stationary point is either identically zero or it has
positive and negative eigenvalues. Hence argue that none of the stationary point can be a
strict local minimizer.

(Hint: recall that a symmetric matrix has real eigenvalues and that the trace of a matrix, that
is the sum of its diagonal entries, is equal to the sum of its eigenvalues.)

Solution 14

a) Consider the function f.

i) The stationary points of the function f are computed by solving the equations

_— )
. 2 oo fn
flg—ﬁ 5 e f
0=Vf=
I f1f2 g_iz |

Since all f;’s are positive, and have a unique stationary point, the only stationary point of f
is the point

m* = (xLx; e 7x:1)
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ii) Note that, for ¢ # j,

o*f  oOfi %M
axiaxj o 890, 8$j
where M is a positive function, hence
02 .
L@ =o.

axiaxj r

As a result, the Hessian matrix of the function f at z* is

2 2
V2 (") = diag <M<x;> Fa(e8) o falel)s s fileD) fa(ad) - S (x;>) .

2
Oz

This implies that the function f has a strict local minimizer at «* if and only if all functions
fi have a strict local minimizer at x}.

b) Consider the function f with n = 3.
i) The stationary points of the functions f are the solution of the equations

g—£f2f3

of
8902 3
o
8903

These equations admit infinitely many solutions given by

0=Vf=| f1
fife
x(;Q = (ZE?,ZE;,E:),), xtl)?) = (x§7f27x§)7 x;S = (i.lyx§7x§)7

where Z1, Z2 and T3 are arbitrary values.

ii) The Hessian matrix of f is

[N 0L Oh . Oh Of
81’% 23 8:101 8582 3 8581 Bxg 2
S I T 0f2 0fs
vii= Ox1 Ox2 fa Ox3 AR Do Ozs '
oh Ofs O O . Of
| Ox1 Ows '? Owg Oz’ 022 1P
Hence
0 a O
VQf(xi}g) = a 0 0 5
0 0 O
where of 5
1 o 2 ) _
a= 3—271(371) 3—x2($2) f3(Zs3).

The function « is zero for 3 = z3 and it is non-zero otherwise. Hence, V?f(x9;) is either
identically zero or has trace zero, which means that it has a positive and a negative eigenvalue.
In both cases, the points x75 cannot be local strict minimizers.

Similar considerations apply to x93 and z53.

Exercise 15 An alternative way to introduce Newton’s method for the solution of a nonlinear equation
is to consider the evaluation of the integral

£@) = flae) + / ",
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where f denotes the derivative of the function f, by means of the so-called Newton-Cotes quadrature
formula of order zero (the rectangular rule) yielding

f(@) = f(zr) + (. — zk) f (7)),

setting z = xr+1 and replacing the ~ sign with an = sign, thus yielding

flarr) = flan) + (@41 — z) f (@),
and setting f(zr+1) = 0, thus obtaining the iteration

f(@x)

T+l =Tk — —=———-

f(zw)

a) Consider the evaluation of the integral by means of the Newton-Cotes quadrature formula of order
one (the trapezoidal rule), that is

[ T ) + o).

i) Determine a new iteration for the solution of the nonlinear equation f(z) = 0. Note that the
obtained iteration, which is a modified Newton’s iteration, is implicitly defined, that is zx+1
is a function of z and of f(zk+1).

ii) An explicit iteration can be obtained replacing f(zr41) with f(z*), where

o = — f(l’k)

f(xx)

Write the expression of the resulting modified Newton’s iteration.
b) Consider the problem of determining the square root of 2.

i) Write Newton’s iteration for the solution of this problem. Let zo = 1 and apply three steps of
Newton’s iteration, that is compute the values z1, 2, and x3 resulting from the application
of Newton’s iteration with the given initial point. Evaluate the absolute error e, = |\/§ — x|

ii) Write the modified Newton’s iteration for the solution of this problem. Let 2o = 1 and apply
three steps of the modified Newton’s iteration, that is compute the values x1, z2, and x3
resulting from the application of the modified Newton’s iteration with the given initial point.
Evaluate the absolute error e, = |\/§ — x|

iii) Compare the Newton’s iteration and the modified Newton’s iteration in terms of convergence
speed and computational complexity.

Solution 15
a) i) Consider the relation
—

T (F @)+ flan).

x
f(@) = flze) +
Setting = zk4+1 and f(x) = 0 yields

0= flar) + 228 (Fani) + flan),

2
hence solving for z,41 provides the iteration
Tk+1 = Tk — 2¢
f(ert1) + f(z)
ii) The modified Newton’s iteration is
f(zk)

Tk+1 zxk—Q

flak = flae)/ flae) + fzn)
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b) To determine the square root of 2 consider the equation z2 —2=0.

i) Newton’s iteration is given by
lai —2
Tk+1 =Tk — % .
2 Tk

The sequence generated by Newton’s iteration is
xo =1, x1 = 1.5, x2 = 1.416666667, x3 = 1.414215686,
and this yields the sequence of the absolute error

eo = 0.414213562, e; = 0.085786438, e2 = 0.002453105, ez = 0.000002124.

ii) The modified Newton’s iteration is

2(z2 — 2)ay,
TRELT IR T TR g
The sequence generated by the modified Newton’s iteration is
zo=1, w1 =14, x5 =1414213198, x5 = 1.414213563,

and this yields the sequence of the absolute error

eo = 0.414213562, e = 0.014213562, e; =3.64x 107", es=1x 107",

iii) The modified Newton’s iteration is much faster (this is a general conclusion) and has similar
complexity than the (classical) Newton’s iteration.

Exercise 16 Consider the function

1
f(z) =21+ z120 + Eac%

a) Compute the stationary points of the function.

b) Using second order sufficient conditions classify the stationary points determined in part a), that is
say which is a local minimizer, or a local mazimizer, or a saddle point.

c) Sketch on the (z1,z2)-plane the level lines of the function f.
d) Consider the point Py = (0,0).
i) Determine a direction do which is a descent direction for f at Fy.

ii) Consider the problem of performing an exact line search along the direction do starting from
Py. Determine a solution to such a problem.

Solution 16

a) The stationary points of the function f are computed by solving the equations

0=Vf=

423 + o 1

r1 + X2

Replacing the second equation in the first yields =1 (437% — 1) = 0. Hence, the stationary points are

1 1 11
P17(070)7 PQ* (5775)7 PQ* (7575)
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The Hessian matrix of the function f is

V2 f(x) = [ 1213”1 } }

1
']
V2 (Py) = VA f(Ps) = [ o ]

is positive definite. Hence P> and Ps are local minimizers, and P; is a saddle point.

Note that

— o

V(P = {

is indefinite and

The level lines of f can be sketched using the following considerations.

e Around the minimizers the level lines are closed.
e The value of f at the saddle point P; is 0.
e The value of f at the local minimizers P, and P3 is —1/16. There is a closed level line which
goes through the saddle point and encircles both local minimizers.
A sketch of the level lines is in the figure below.
Note that Vf(Py) = 0, hence for any direction d the scalar product V'f d is zero, i.e. it is not
possible to use first order sufficient conditions to establish if a direction is a descent direction.
i) Let, for example, do = [1,—1]" and consider the restriction of the function f along do, with
initial point Py, namely
1
f(Po+ ado) = o? (75 + a2) .
For any o > 0 and sufficiently small (namely a € (0,1/v/2))
f(Po) > f(Po + ado),
hence dy is a descent direction for f at Po.
ii) To solve an exact line search problem along do at Py one has to find the global minimizer, if
it exists, of f(Py + ady). Note that the function
f(Po+ ado) = a2(—1/2 + a2)

is radially unbounded (and bounded from below), hence possesses a global minimizer, which
is a stationary point. The stationary points of this function are a = 0 (local maximizer) and
a = £1/2 (local minimizer). Hence, an exact line search along do, starting at Py, gives either
the point P» or the point Ps.

T2
.
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Exercise 17 Consider the function
f(21,22) = sin(x] + z3).
a) Sketch on the (z1,z2)-plane the level lines of the function f.

b) Compute the stationary points of the function.

¢) Explain why second order sufficient conditions of optimality are inadequate to classify some of the
stationary points of the functions.

d) Consider the change of variable
x1 = pcosé, T2 = psin 6,
with p > 0 and 6 € (—m,7].
i) Rewrite the function f in the new variables. Note that the function depends only upon the

variable p.

ii) Compute the stationary points of the function f as a function of p and classify these stationary
points.

iii) Exploiting the results in part d.ii) classify the stationary points of the function f.

Solution 17

a) Note that the function is constant on any circle centered at the origin, i.e. on any set of the form
z? + 2 = R2. A sketch of the level lines is therefore as in the figure below.

b) The stationary points of the function f are computed by solving the equations

221 cos(z + x3)

0=Vf=

2z cos(x] + x3)
Hence, the point (0,0) is a stationary point and all points such that

x%+x§:g+kﬁ,

with k integer, are stationary points.

¢) The Hessian matrix of the function f is

2 _ 2 2 . 2 2 x% T1T2
V7 f(z) = 2cos(z] + x3)I — 4sin(x] + z3) 2 .
T1T2 Ty

Note that
2 12 0

is positive definite, hence the point (0, 0) is a local minimizer. To classify the stationary points such
that 22 + 22 = 5 + km, note that at such points Py

VQf(Pk)=¢4[xl }[1’1 x|,

z2

hence V2 f(P) is singular, and this does not enable the use of second order sufficient conditions of
optimality (which require the Hessian to be non-singular).

d) i) The function f in the new variables is given by
f(p,0) = sin p?,

hence it is a function of p only.
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The stationary points of the function sin p? are all points such that

d_p = 2pcosp2 =0.

These are given by

p=0 p:gﬂm

with k£ any non-negative integer.
Note that
iz2(:05 2 — 4p”sin p?
dp? P p smp,
hence the point p = 0 is a local minimizer, the points

p2 = g + 2km,

with k£ any non-negative integer, are local maximizers, and the points
0
p° = 5 +@k+ 1),

with k any non-negative integer, are local minimizers. This implies that the point (z1,z2) =
(0,0) is a local strict minimizer, the points (x1, z2) such that

x%+x§:g+2kw,

with k£ any non-negative integer, are local non-strict maximizers, and the points (z1, z2) such
that -
3+ 25 = 5 + (2k + 1),

with k£ any non-negative integer, are local non-strict minimizers.

SR
[

Ao =
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where z € IR"™. The functions 71, ra, - - -, T are called residuals and the objective function can be rewritten
as 1r/(z)r(z), with

a) Write Newton’s iteration for the solution of the considered least-square problem.

b) Gauss-Newton’s iteration for the solution of the considered least-square problem is given by

Ty = Ty — [J (@) (@ )] T (@) ) (2 1))

where

ory ... Orp

oz Oxn

J(z) =
Orm . Orm
Oz Oxp
' . . . .

and z(x) = [ Tk, “°° Thn } . Discuss the differences between Newton’s iteration and Gauss-

Newton’s iteration.
(Hint: consider the difference between the Hessian of 27'(z)r(z) and the matrix J'(z)J(z).)
Discuss under what conditions the Gauss-Newton direction

dan = —[J'(2)J(2)] 7" S (x)r(z)

is a descent direction.

¢) Assume m =2, z = (x1,x2) and
ri(z) = z1 + 22 — T122 + 2, ro(z) = x1 — "2,

i) Sketch on the (z1,x2)-plane the set of points r1(z) = 0 and r2(z) = 0, hence argue that the
considered least-square problem has two (global) solutions. Find an approximation of these
global solutions using graphical considerations.

ii) Write explicitly Gauss-Newton’s iteration for the considered problem.

iii) Compute three iterations of Gauss-Newton’s methods from the initial conditions (0,0). Eval-
uate the residuals at (0,0) and at the last iteration.

iv) Comment on the convergence speed and complexity of Gauss-Newton’s method.

Solution 18

a) Newton’s method for the minimization of the function

is described by the iteration
w1 = zx — [V f(2x)] 7V f (),

where

87‘} !

vi= |5

r=J'(z)r

(with J = %7 as defined above) and

= 3] 3]+ 5o

=1



74

CHAPTER 2. UNCONSTRAINED OPTIMIZATION

b) The difference between Newton’s method and Gauss-Newton’s method is in the matrix that it is
inverted. In Newton’s method this is the Hessian of the function to be minimized, in Gauss-Newton’s
method this is one term of the Hessian, which can be computed using only first derivatives. Gauss-
Newton’s direction is a descent direction if

¢)

V' fdan = —r'(2)J (2)[J' ()] ()] 7' (@)r(z) <0,

which holds at all points in which J(z) is full rank and r(z) # 0.

i)

iii)

iv)

The sets r1(xz) = r2(x) = 0 are displayed in the figure below. These sets have two points of
intersection, hence the least square problem has only two solutions, which are both global min-
imizers of the function %r'r From the graph one sees that the minimizers are approximately
given by the points (0.1, —2.3) and (5.4, 1.7).

Note that
1-— i) 1-— X1
J(:E) = |: 1 —e2 :|
and
i 1 —T2€"2 + 217272 — 2"231 — €"2 + 27 — 11
x)=—
on (%) (1 —1) +e™2(z2 — 1) —e®2 4 122 — 2 — x2

Hence, Gauss-Newton iteration can be written as
Trp+1 = @k + dan (zk).

Let z(qy = (0,0). The residuals at (0,0) are 71(0) = 2 and r2(0) = —1. The first three
elements of the sequence generated by Gauss-Newton’s iteration are

zay = (—0.5, -1.5), x(2) = (0.108430, —2.014050), x(3) = (0.093409, —2.314073),
and the value of the residuals after three iterations are

r1 () = —0.0045064193, ra((3)) = —0.00544788272.

It is worth noting the fast convergence rate despite the fact that the iteration does not use
second derivatives and a line search parameter.
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Exercise 19 Consider the function

1 1 1
f(z1,22) = ix% (gx% + 1) + x5 arctan o — 3 ln(xg +1).

a) Compute the unique stationary point of the function.

b) Using second order sufficient conditions of optimality show that the stationary point determined in
part a) is a local minimizer. Show, in addition, that the function is convex. Finally, show that the
local minimizer is a global minimizer.

(Hint: convexity of a function f is implied by the condition V?f(zx) > 0 for all z.)

¢) Consider the problem of minimizing the function f using Newton’s method.
i) Write Newton’s iteration for the minimization of the function f.

ii) Perform 4 steps of Newton’s iteration with starting point
(z1,22) = (1,2).

d) Consider the function
1
f2(z2) = z2 arctan xo — 3 ln(x% +1).
i) Using the iteration derived in part c.i) write Newton’s iteration for the minimization of the
function fa.

ii) Write the Newton’s iteration in part d.i) in the form
22l + 1) = p(aa(k).

Write explicitly the function .

iii) Plot on the same graph the functions 2 and ¥ (x2). Exploiting the graph explain why New-
ton’s iteration for the minimization of fo converges for initial conditions sufficiently close to
zero, and diverges otherwise.

(Hint: use the graph to ezecute Newton’s iteration graphically.)

e) Exploiting the results in part d) and the fact that the function f is the sum of two functions of
one variable each, determine (qualitatively) for which initial points the Newton’s iteration for the
minimization of f converges to the minimizer.

Solution 19

a) The stationary points of the function f are computed by solving the equations

o)
0=Vf= agﬁ _ 371(ai +3)
= =1 4 =
ﬁ arctan xa

Hence, the point (0,0) is the unique stationary point.

b) The Hessian matrix of the function f is

V2 f(z) = { x10+1 0 }

1+x§

Note that
5 |10
Vf(O)[O 1}

is positive definite, hence the point (0,0) is a local minimizer. In addition, VZf > 0 for all (x1, z2),
hence the function is convex. For convex function, a stationary point is a global minimizer, hence
(0,0) is a global minimizer.
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Newton’s iteration, considering that the function f is the sum of a function of x; and of a

function of x2, gives two decoupled equations, namely
w1 2 @

SRS e 257! =5 — (14 23) arctan zs.

The first five elements of the sequences {z¥} and {z}} are
) =1, x1 =1/3, x5 =1/45, 2} = 1/136755, =7 = 1/3836373661058445 ~ 0,
and

29 =2, x5 = —3.5357, x5 = 13.95095909, x5 = —279.3440667, x5 = 122016.9990.

The iteration is the same as the “x2” iteration in part c.i).

The function ¥ is given by
Y(z2) = x2 — (1 + x3) arctan(z2).

The graphs of the considered functions are displayed in the figure below. One can use the
graph to show how Newton’s iteration works. In fact, pick a point z§ on the zs-axis, and lift it
on the graph of the function ¥. Then mowve the point horizontally on the graph of the function
x2, and then vertically on the xo-axis. This is the point xlgﬂ. Iterating the procedure one
can construct the sequence {xé} Using this approach, one concludes that if xJ is sufficiently
close to zero the iteration yields a sequence converging to z2 = 0. If |z2| is large, then the

sequence diverges.

e) As shown in part c.i), Newton’s iteration is composed of two decoupled iterations. The iteration
for x1 yields a globally converging sequence, whereas the iteration for s converges only for |z
sufficiently small (to be precise, for |x3] < 1.39... ). Hence, for all initial points (z7,23) such that
|z3] < 1.39... , the iteration yields a sequence converging to the global minimizer.

Exercise 20 The company XY Z has invested £20000 to develop a new product. The product can be
manufactured for £2 per unit. The company then performs a marketing research. The conclusion of the
research is that if the company spends £a on advertising then it can sell the product at price £p per unit
and it will sell 2000 + 41/a — 20p units.
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a) Compute the revenue for sales as a function of a and p.

b) Compute the overall costs associated to the production and commercialization of the product, that
is the development cost plus the production cost and the advertising cost, as a function of a and p.

¢) Compute the company’s profit as a function of a and p.

d) The company wishes to select @ and p to maximize the profit. Pose this problem as an unconstrained
optimization problem (disregard the non-negativity conditions on a and p).

e) Compute the unique stationary point of the profit. Using second order sufficient conditions of
optimality show that the stationary point is a local maximizer.

f) Assume that the company is forced to fix the sale price of the product to p = p, with p > 2.

i) Determine the optimal advertising cost as a function of p.
ii) Determine the optimal profit as a function of p.

iii) Plot the optimal profit as a function of the fixed price p and show that as p increases the
profit becomes negative.

Solution 20

a) The revenue for sales is given by
revenue = p(2000 + 4v/a — 20p).

b) The costs are

production cost = 2(2000 + 4+/a — 20p),
development cost = 20000,
advertising cost = a.

Hence
total cost = 24000 + 8y/a — 40p + a.

¢) The profit is given by
profit = p(2000 + 4v/a — 20p) — (24000 + 8y/a — 40p + a).
d) The optimization problem is

max = p(2000 + 4v/a — 20p) — (24000 + 8+v/a — 40p + a).

a,p

e) The statiory points of the profit are the solutions of the equations

Oprofit P 4 Oprofit
O=—/—""=2——-—-1, 0= —/—=2040+14 — 40p.
90 Ve Va v - dop
The only solution is
2 2
o = 99925 _ 15006.25, b= 253 395,
4 4
The Hessian of the profit at the stationary point is
24
. 60025 245
H(CL y D ) = 4 )
- 4
245 0

which is negative definite, hence the point (a*,p*) is a local maximizer.
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f) The profit for fixed price is
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profit fix price = $(2000 + 4v/a — 20p) — (24000 + 8v/a — 405 + a).

i) The optimal advertising cost @* is given by the solution of the equation

__ Oprofit fix price

0 Oa ’

which gives @* = 4(p — 2)°.

ii) The resulting optimal profit is

profit fix price” = 20245 — 16p° — 23984.

iii) The optimal profit as a function of the fixed price p is displayed in the graph below. Note
that as p increases the optimal profit becomes negative (because of the term 716132).

prafe

Exercise 21 Consider the function

f(z) =

in part a) is a local minimizer.

40000

(1’1 — 2)4 + (1’1 — Q)ng + (xg + 1)24

Compute the unique stationary point x, of the function f.

Using second order sufficient conditions of optimality show that the stationary point determined

Hence, show that f is radially unbounded and that the stationary

point determined in part a) is the global minimizer of f.

Write the modified Newton’s iteration for the minimization of the function f given by

i1 = @ — [V (2)] 7 V().

Run five steps of the modified Newton’s iteration in part ¢) from the starting point (1.5,0).
Run four steps of the modified Newton’s iteration in part c) from the starting point (1,0).

Show that the research directions generated by the modified Newton’s iteration in part c) are descent

directions satisfying the condition of angle. Explain why the iteration is not globally convergent.

Solution 21

a) The stationary points of the function f are computed by solving the equations

0=Vf

2(zy — 2)(2(z1 — 2) + z3)
2:2?172 — 8x1xe + 1025 + 2

As a result, the point z, = (2, —1) is the unique stationary point.
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b) The Hessian matrix of the function f is

2 | 12(z —2)2 + 223 A(z1 — 2)32
V(@) = { A(z1 — 2)z2 2z1 —2)2+2 ]

hence
V2 f(xe) = [ g g ]
Since V2f(z+) > 0, z, is a minimizer of f. Note now that
0< (21 -2)" + (@24 1)" <,

and the function (z1 —2)* + (z2 + 1)? takes non-negative values and it is radially unbounded (it is
the sum of two squares, one involving x1 and one involving x2). Hence, f is radially unbounded,
and since f(x,) = 0, z. is the global minimizer of f.

¢) The modified Newton’s iteration is given by
zea = (2r1 = 2)(2(zr1 — 2)” + 27 0)

1
Tk+1 = Tk — —Vf(:vk) = 9
2 —4Tk,2 — Tk,2T) 1 + 4Tk 2Tk, — 1

d) The points generated by the modified Newton’s iteration from the starting point zo = (3/2,0) are
x1 = (1.75,—-1), =2 = (2.03125, —0.9375), 3 = (2.003723145, —.9990844731),

x4 = (2.000006711, —.9999861507), x5 = (2.000000000, —1.000000000).

e) The points generated by the modified Newton’s iteration from the starting point zo = (1,0) are
r1 = (37 —1), T2 = (0,0)7 r3 = (167 —1), T4 = (—54867 195)4

f) The research direction used in the modified Newton’s iteration is —1/2 V f(z), which is nothing
else than the direction of the anti-gradient, hence it is a descent direction satisfying the condition
of angle. The reason why the method is not globally convergent is that the line search parameter is
fized to o = 1/2, and this may not yield a descent algorithm at each step.

Exercise 22 Consider the function
1 2 m o
f(z) = 571 + o T2

with m > 0. The function has a global minimizer at z, = 0.
a) Show that the gradient algorithm with exact line search for the function f can be written as

2 2, 2
Tpatm xk72[ Tk,1 ‘|

Tk+1 =Tk — 5
3.2
Tjp T METY 5

m Tg,2

b) Let m = 9 and zo = [9,1])". Show that the sequence of points generated by the gradient algorithm

is given by
T = { (_gl)k ] (0.8)F.

(Hint: assume that for the given values of m and zo the quantity
x% + m2x§
x3 + m3x3

remains constant for all iterations of the algorithm.)
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¢) Compute the speed of convergence of the sequence generated by the algorithm and in particular

show that
lznes = @ell _ s
[k — |
for every k, where [|v|| = Vv'v.
Solution 22
a) Note that
_ T1
vf - |: mxs :| I

hence the gradient algorithm is described by the iteration
Tk+1,1 = Tk,1 — QTk,1, Tk+1,2 = Tk,2 — QM Tk,2.
Replacing zj41 in f yields

2 2 2 2 2 1 2 3 2 2
(xk,l +m xkyg) — (wk’g +m xkyg) + 5 (l'k’g +m wk’g) Q.

f(wry1) =

N =

To obtain the exact linear search parameter one has to compute the stationary point of f(zk+1) as
a function of « (since f(zk+1) is convex in «), that is

2 2,2
T,y +M Ty o

I

Ny = —F/5———F—
2 3
Ti; o +m Ti; o

As a result, the gradient algorithm with exact line search is given by
Trp1 = 2k — oV f(2k),

as given in the question.

b) As indicated in the question, for the considered initial condition and value of m the value of a, is
constant, namely

-’3(2),1 + mQZE?),Q —1/5

x%71+m3 3, =1/5

3

Qy =

As a result, the gradient iteration is given by

4 4
Thkt+1,1 = gxk,h Thkt+1,2 = —gxk,z

This yields

A\* A\* ANk L /ANF
= — = — = ——= = (-1 = .
Tr,1 = To,1 (5) 9 (5) ) T2 = T0,2 ( 5) (-1) (5)

¢) Note that z, = 0, hence
) AN 1 2 it (A)FH 2 4 2(k+1)
= Z -1 z =82(=
Ikl 9(5) Y (5) s (5) ’
4 2k
ol =82 (),

lors1 — 2]l _ 4

thus

ek —asll 5

The sequence thus converges with linear speed of convergence.
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Exercise 23 Consider the problem of computing the average of four numbers, a1, a2, as and a4. This
problem can be posed as an unconstrained optimization problem as follows

min f(x),

with
f@) = (x—a1)’ + (x — a2)” + (z — a3)” + (z — as)”.

a) Compute the unique stationary point z. of the function f and show that z. is indeed the average
of a1, az, as and aq4.

b) Using second order sufficient conditions of optimality show that the stationary point determined
in part a) is a local minimizer. Hence, show that f is radially unbounded and that the stationary
point determined in part a) is the global minimizer of f.

¢) Assume a1 =1, a2 =2, a3 = 3 and a4 = —6.

i) Write the gradient method for the minimization of the function f and determine the exact
line search parameter o*.

ii) Consider the gradient method with line search parameter a = v o, with v € [0, 3]. Determine
for which values of + the iteration yields a converging sequence and, for these values of -,
determine the speed of convergence of the sequence.

Solution 23 Note that
f) = (@—a)?~+(x—a)?+ (x —a3)® + (z — as)?
= 22— 2a +a?+x272a2+a§+x2 72a3+a§+x2 72a4+ai
= 4a® —2(a1 + a2 +as + a4z +ai + a3 + a3 +aj.

a) The first order necessary condition of optimality is

0=Vf=8z—2(a1 + a2+ as + as),

which yields
gt Gtaztasta
1 .
Clearly, =™ is the average of a1, a2, as, a4.

b) The second order sufficient condition of optimality is
Vif=8>0,

hence z* is a local minimizer. Note that f is strictly convex and this implies that =* is global
minimizer.
c) Note that f(z) = 42 + ¢, with ¢ = af + a3 + a3 + a3.
i) The gradient is
Vf=8x

and the gradient algorithm gives

LTk+1 = Tk — 80¢kxk = (1 — 80¢k)xk.

Note that
f(zrg1) = 4(1 — 160, + 64ag)xh + ¢
and
f(zy) = 4z; + &
yields

f(@rsr) = f(zr) = 4(64af — 16ay)z}.
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To find the exact line search parameter solve

o= AWren) = fon)

= 4(128ay, — 16)x7,

obtaining

ii) Note now that
Tpy1 =z — 8y x) = (1 — ¥) k.
To have convergence we need
1—~] <1
Hence, v € (0,2). For v =0 or v = 2, |xk4+1| = |zk|, and the sequence does not converge. For
v € (2,3] |xkt+1]| > |zk|, hence the sequence diverges. For v € (0, 2) the speed of convergence
is linear, since
T e R 7 et

=|1—-7|.
w2 - e

Exercise 24 Consider the problem of minimizing the function
min f(z),

with 1 1 )
flz) = ixf —z122 + Z:v% — gxg
a) Compute the stationary points of the function f.
b) Using second order sufficient conditions of optimality classify the stationary points determined in
part a). Hence, determine the global minimizer of f.
¢) Consider the problem of minimizing the function using the so-called gradient method with extrap-
olation, that is the method defined by the iteration

Tet1 = Tk — eV f(zr) + Br(xr — Tr—1),
with ae > 0 and Bk € [0, 1), for all £ > 0, and z_1 = zo. Let zo = (1,1).

i) Argue that the first step of the gradient method with extrapolation coincides with the first
step of the gradient method.

ii) Run one iteration of the gradient method with extrapolation and determine the point xi.
Note that z; is a function of ap hence write a condition on g such that the algorithm is
a descent algorithm, that is f(z1) < f(zo). Explain why By does not appear in the descent
condition f(z1) < f(=o).

iii) Pick oy = 1/2 for all k. Run one more iteration of the gradient method with extrapolation
(using as initial condition the point z1 determined in part c.ii), that is compute the point .
Determine a condition on S yielding a descent algorithm. Explain why 81 = 0 is a feasible
selection of 81 and argue that it is not the best selection.

Solution 24
a) The first order necessary condition of optimality is
_ _ r1 — T2
0=Vf= [ —x1 + 25 — 22 :|’

which gives the equations
Tr1 — T2,
zo(x3 — 22 — 1)

=0.
The stationary points are therefore P, = (0,0), P> = (1+2\/57 1+2\/5) and P3 = (1*2\/5, 5

T
S
~
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The Hessian matrix of the function f is

v2f(:v)—[_} ! }

3x2 — 2xo
Evaluating the matrix at the stationary points yields
2 _ 1 -1
which is indefinite,
1 -1
VQf(P2):{ ] ITxv5 ]7

which is positive definite, and

9 1 -1
Vf(P3)=[_1 7—%5}7

which is also positive definite. Hence, P; is a saddle point, whereas P> and Ps; are two local
minimizers. Computing the function at this points yields f (P2) = —1.0075 and f (P3) = —0.0758.
Since f is radially unbounded, i.e.
lim f(x) = +oo,
|x| =400

the point P> is the global minimizer of f.

i) In the first step of the gradient method with extrapolation the term multiplied by Bo is zero
(because of the way the algorithm is initialized), hence the iteration coincides with the gradient
iteration.

ii) Running one iteration of the algorithm from the indicated initial conditions yields the point

. 1
xr1 = 1+a0 .

Note that, consistently with the answer to c.i), the parameter 8o does not contribute to the
point x1. To check the descent condition note that

1
f(z1) — f(z0) = an(?)a;“; + 8aj + 6 — 12),

hence ag should be selected such that
ao(3af + 8ag + 6ap — 12) < 0

which is the case for ap strictly positive and sufficiently small (approximately smaller than
0.82).

iii) Using o = 1/2 and running one more iteration of the algorithm yields

= 5/4
27| 23/16 417281 |
The descent condition is now
f(@2) — f(z1) = —0.0788 — 0.17298; + 0.41587 + 0.138437 + 0.0156253; < 0,

which shows that 81 should be non-negative and smaller than approximately 0.6. The selection
81 = 0 gives a descent condition because for such value of 51 one has essentially the gradient
iteration, for which the descent condition holds for the given selection of a;. However, 51 =0
is not optimal since one could have a greater decrease selecting a strictly positive value of (.
The optimal selection for this particular case is approximately 81 = 0.2.
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Exercise 25 The proximal method is a descent method in which the problem
min f(z)
x

is replaced by the sequence of modified problems
min ( £(@) + sl — i
. 2’Yk; k )

where zj, is the current estimate of the solution of the problem and 11 is the solution of the modified
minimization problem, and ~y; > 0.

Consider the quadratic function

fz) = %x'Qm +dz+d,

with @ = Q' > 0. Recall that the function has a global minimizer at z* = —Q ™ 'c.

a) Write the optimization problem used in the proximal method and state under what conditions the
problem has a unique solution.

b) Solve explicitly the optimization problem arising from the proximal method, that is determine xp41
as a function of z. In particular, write the relation between zx4+1 and zj in the form

Tpt1 = Azp + b,

in which A is a matrix and b is a vector. (Note that A and b are functions of k.) Write explicitly
the matrix A and the vector b as a function of @, ¢ and .

¢) Determine the fixed point Z of the equation xr+1 = Azxy + b, that is the point Z such that
T =A%+,
and show that the point is the global minimizer of the quadratic function.

d) Show that the iteration arising from the proximal method is globally convergent for all 44 > 0. This
can be achieved using the following steps.

i) Show that A = (v,Q + I)™"! and that A’A < I.

ii) Write the iteration arising from the proximal method in the form xy41 —2* = A(zr —2*) +b
and show that b = 0.

iii) Exploit the results in parts d.i) and d.ii) to demonstrate the global convergence claim. Discuss
also the effect of the parameter ~y; on the speed of convergence of the algorithm.

Solution 25

a) The optimization problem used in the proximal method is
Tp41 = argming (%x'Qm +cdz+d+ ﬁ(m — i) (x — xk))

= argmin, 12’ (Q + %I) z + (c/ - %xﬂc) x+d+ ﬁx;x;@
Note that the function to be minimized is again a quadratic function. Hence, it has a unique
1
minimizer if and only if the matrix (Q + —I) is positive definite (which is always the case since
Yk
Q@ > 0 and v, > 0).

b) The solution of the optimization problem is
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This can be rewritten as

—1 —1
1 1 1
l’k+1=—(Q+—[) xk—(Q—f——I) c.
Vi Yk Yk

—1 —1
Hence,A—i<Q+iI) andb—<Q+LI> c.
Yk

Tk Tk

¢) The fixed point Z of the equation above is such that

T =

-1 -1
ov k) s (ar i) e
Yk Yk Yk

Multiplying on left by <Q + LI> yields
Tk

which gives

i.e. the global minimizer of the quadratic function.

a i)

iii)

Trivially

—1 -1
a=L (Q+i1) = ()" <Q+if) — (nQ+ 1)
Vi Tk Yk

Observe now that A’A < I. Multiplying both sides with the matrix (A’A)~" (which exists
because A’'A is positive definite) yields

I<(mQ+DmQ+1),

hence
7HQ'Q+(Q +Q) >0,
which holds by positivity of @ and .
We add and subtract * and Az™ to the equation in part b) obtaining

Thp1 — 2" = Az —2") +b— 2" + Az™.

Defining b=b—a*+ Ax™, it remains to prove that b=0. Multiplying the expression of b on
the left-hand side by (Q + %I ) yields

—1 —1
(0r i) = (a4 21) HWLI) (o 1) ]
Yk Vi Yk Yk Vi

—c— <Q+ iI> x" + LI:E* =—c—Qz".
Tk Yk

The claim is proved substituting the minimizer z* = —Q~'c¢ in the last equation.

The equation

Tpp1 — 2" = Az, — x¥)
is a linear difference equation in which all the eigenvalues of the dynamic matrix A have
modulus strictly smaller than one. Hence, the state xx, — 2™ converges globally to zero, i.e. xk
converges to the optimal solution z*. The greater the value of 7, the smaller the modulus of
the eigenvalues of A. Thus, increasing i corresponds to a faster convergence of the algorithm.
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Exercise 26 The Levenberg-Marquardt algorithm is a modification of Newton’s method for the solution
of nonlinear equations. In the case of the scalar equation

fz) =0,

with € IR and f differentiable, the Levenberg-Marquardt algorithm can be written as (note that f’
denotes the first derivative of f with respect to x)

flzw)
fr(ze) + f1(z)’

Consider now the problem of minimizing the function

Tk+1 zxk—Q

b 4,
= — — -1
q(x) 1 + 3% 0z

(note that the global minimizer of the function ¢ is z = 1.365230013).

a) Re-cast the considered minimization problem as the problem of finding the solution of a scalar
equation.

b) Write Newton’s iteration for the solution of the equation determined in part a).

¢) Run four iterations of the Newton’s iteration in part b) with g = 3 and evaluate the first four
values of the sequence of the relative errors

*
T+1 — X

N
B = G =

that is evaluate REY, REY, REY and REY. Hence argue that Newton’s method does not have
speed of convergence of order three. Explain why this is not un-expected.

d) Write now the Levenberg-Marquardt algorithm for the solution of the equation determined in part

a).
(Hint: write the algorithm as two equations, that is do not substitute Z into the first equation of
the algorithm.)

e) Run four iterations of the Levenberg-Marquardt algorithm in part d) with o = 3 and evaluate the
first four values of the sequence of the relative errors

*
Tk+1 — T

LM
R

Hence argue that the Levenberg-Marquardt algorithm is faster than Newton’s algorithm. (It is well-
known that the Levenberg-Marquardt algorithm has, under similar assumptions o those required
by Newton’s method, speed of convergence of order three.)

Solution 26
a) The minimization problem can be re-cast as the problem of finding the stationary points of the
function ¢, that is as the problem of solving the scalar equation

k(z) = 2® + 42° — 10 = 0.

As noted above, this equation has a solution at z = 1.365230013, which is actually the only solution.
Note also that the second derivative of f at = 1.365230013 is positive, hence the point is a local
minimizer.

b) Newton’s iteration for the solution of the equation k(z) = 0 is

ry +4rg — 10 2xh +4xp + 10
xk(?):vk + 8) - xk(?):vk + 8)

Tk+1 = Tk —
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Setting xg = 3 yields

1 = 1.960784314, RE, = 0.1363174326,
2 = 1.486238507, RE> = 0.5728643018,
r3 = 1.371823522, RE3 = 3.721080242,
x4 = 1.365251224, RE, = 73.99652652.

Since the sequence of the relative errors diverges the speed of convergence of the method is not of
order three (note the cube in the denominator of the definition of the relative error). This is not
un-expected, since under the given conditions one can only claim quadratic speed of convergence of
Newton’s method.

The Levenberg-Marquardt iteration is given by the two equations

x3 4+ dai — 10 x3 4+ dai — 10

=z —2 7 = x) — .
Tkl = kT (B, + 8)) + (2(3T + 8)) kT (BT, + 8)
Setting xg = 3 yields
r1 = 1.644853060, RE; = 0.06400339279,
zo = 1.369582249, RE> = 0.1990643754,
z3 = 1.365230035, RE3 = 0.2668611603,
z4 = 1.365230013, RE, =~ 0.

Since the sequence of the relative errors converges to zero, the speed of convergence of the Levenberg-
Marquardt iteration is at least of order three, definitely faster than Newton’s iteration.
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3.1 Introduction

In this chapter we discuss the basic tools for the solution of optimization problems of the
form

min / (2)
Py { g(x) =0 (3.1)

h(z) <0.
In the problem P, there are both equality and inequality constraints!. However, sometimes

for simplicity, or because a method has been developed for problems with special structure,
we will refer to problems with only equality constraints, i.e. to problems of the form

min f(x
P { z (=) (3.2)
g(z) =0,
or to problems with only inequality constraints, i.e. to problems of the form
min f(z)
) * (3.3)
h(z) <0.

In all the above problems we have x € IR", f : R" — IR, g : IR® — IR™, and h : IR™ — IRP.
From a formal point of view it is always possible to transform the equality constraint
gi(x) = 0 into a pair of inequality constraints, i.e. g;(x) < 0 and —g;(x) < 0. Hence,
problem Pj; can be (equivalently) described by
min f(x
~ T
Prq gl <0
-9 (.%') < 07

which is a special case of problem P,. In the same way, it is possible to transform the
inequality constraint h;(z) < 0 into the equality constraint h;(z) + y? = 0, where y; is
an auxiliary variable (also called slack variable). Therefore, defining the extended vector
z = [2/,y], problem P, can be rewritten as

. min f(z
5 [ minf@)
h(z)+Y =0,
with )
¢
y=| "
Yy

which is a special case of problem P;.

!The condition h(x) < 0 has to be understood element-wise, i.e. h;(x) < 0 for all 4.
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Note however, that the transformation of equality constraints into inequality constraints
yields an increase in the number of constraints, whereas the transformation of inequality
constraints into equality constraints results in an increased number of variables.

Given problem Py (or P, or P), a point x satisfying the constraints is said to be an
admissible point, and the set of all admissible points is called the admissible set and it is
denoted with X. Note that the problem makes sense only if X # ().

In what follows it is assumed that the functions f, g and h are two times differentiable,
however we do not make any special hypothesis on the form of such functions. Note
however, that if g and h are linear there are special algorithms, and linear/quadratic
programming algorithms are used if f is linear/quadratic and g and h are linear. We do
not discuss these special algorithms, and concentrate mainly on algorithms suitable for
general problems.

3.2 Definitions and existence conditions

Consider the problem Py (or P;, or P;). The following definitions are instrumental to
provide a necessary condition and a sufficient condition for the existence of local minima.

Definition 6 An open ball with center x* and radius 6 > 0 is the set
B(z*,0) ={x € R" | ||z — x| < 0}.

Definition 7 A point z* € X is a constrained local minimizer if there exists 0 > 0 such
that

fly) = f(@”), (34)
for ally € X N B(z*,0).
A point z* € X is a constrained global minimizer if

fly) = f(@7), (3.5)

forally e X.
If the inequality (3.4) (or (3.5)) holds with a strict inequality sign for all y # x* then the
mainimizer 1s said to be strict.

Definition 8 The i-th inequality constraints h;(xz) is said to be active at T if h;(z) = 0.
The set 1,(z) is the set of all indezes i such that h;(Z) =0, i.e.

Ia(j) = {Z € {1a2,' o ap} | hl(j) = 0}
The vector ha(Z) is the subvector of h(x) corresponding to the active constraints, i.e.
ha(2) = {hi(Z) | i € La(2).

Definition 9 A point T is a reqular point for the constraints if at T the gradients of the
active constraints, i.e. the vectors Vg;(Z), fori=1,---,m and Vh;(z), for i € I,(z), are
linearly independent.



92 CHAPTER 3. NONLINEAR PROGRAMMING

The definition of regular point is given because, the necessary and the sufficient conditions
for optimality, in the case of regular points are relatively simple. To state these conditions,
and with reference to problem Py, consider the Lagrangian function

L(z, X, p) = f(2) + Ng(z) + p'h(z) (3.6)

with A € IR™ and p € IRP. The vectors A and p are called multipliers.
With the above ingredients and definitions it is now possible to provide a necessary con-
dition and a sufficient condition for local optimality.

Theorem 14 [First order necessary condition] Consider problem Py. Suppose z* is a
local solution of the problem Py, and x* is a reqular point for the constraints.
Then there exist (unique) multipliers \* and p* such that*

VaoL(z*, X\, p*) =0

g(z*) =0
h(z*) <0 (3.7)
p* >0

Conditions (3.7) are known as Kuhn-Tucker conditions.

Definition 10 Let x* be a local solution of problem Py and let p* be the corresponding
(optimal) multiplier. At x* the condition of strict complementarity holds if pf > 0 for all
i€ I, (z%).

Theorem 15 [Second order sufficient condition] Consider the problem Py. Assume that
there exist x*, \* and p* satisfying conditions (3.7). Suppose moreover that p* is such
that the condition of strict complementarity holds at z*. Suppose finally that

s'V2 L(z*,\*, p*)s > 0 (3.8)
for all s # 0 such that
9g(z”)
ox
0.
Ohg (™)
ox

Then x* is a strict constrained local minimizer of problem Py.

Remark. Necessary and sufficient conditions for a global minimizer can be given under
proper convexity hypotheses, i.e. if the function f is convex in X, and if X is a convex
set. This is the case, for example if there are no inequality constraints and if the equality
constraints are linear. o

2We denote with V. f the vector of the partial derivatives of f with respect to .
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Remark. If all points in X" are regular points for the constraints then conditions (3.7) yield
a set of points P, i.e. the points satisfying conditions (3.7), and among these points there
are all constrained local minima (and also the constrained global minimizer, if it exists).
However, if there are points in X which are not regular points for the constraints, then
the set P may not contain all constrained local minima. These have to be searched in the
set P and in the set of non-regular points. o

Remark. In what follows, we will always tacitly assume that the conditions of regularity
and of strict complementarity hold. o

3.2.1 A simple proof of Kuhn-Tucker conditions for equality constraints

Consider problem Pj, i.e. a minimization problem with only equality constraints, and a
point z* such that g(z*) = 0, i.e. z* € X'. Suppose that?

rank@( ) =m

ox

i.e. x* is a regular point for the constraints, and that z* is a constrained local minimizer.
By the implicit function theorem, there exist a neighborhood of z*, a partition of the

x:m,

with u € IR™ and v € IR"™ ™, and a function ¢ such that the constrains g(x) = 0 can be
(locally) rewritten as

vector z, i.e.

u = ¢(v).
As a result (locally)

mxinf(;c) { %17ivnf(u,v) min v),v
{g(:c)zo T lacow & mn/EO.),

i.e. problem P is (locally) equivalent to a unconstrained minimization problem. Therefore

o (2000 0P\ (_0f (9\T 0 o
0= VF(6(), %) = (8u80+8v)*_< o (%) %+%>

Setting /
A= < ZQfJ, (Bu) )x*
yields
(gi + ) (%) ~0 (3.9)

3Note that m is the number of the equality constraints, and that, to avoid trivial cases, m < n.
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and of 9
x99
ZJ =7 =0. 1
<0u+<)\)8u)m* 0 (3.10)
Finally, let
L=f+X\g,

note that equations (3.9) and (3.10) can be rewritten as
Vo L(a*,\*) =0,

and this, together with g(z*) = 0, is equivalent to equations (3.7).

3.2.2 Quadratic cost function with linear equality constraints
Consider the function

fla) = 34'Qe.

with z € IR" and Q = Q' > 0, the equality constraints

g(x) =Ax —b=0,

with b € IR™ and m < n, and the Lagrangian function
L(z,\) = %x’Qw + N(Ax —b).

A simple application of Theorem 14 yields the necessary conditions of optimality

ViL(z*, ) = Qz*+ AN =0 (3.11)
g(x*) = Az*—-b=0. ’
Suppose now that the matrix A is such that AQ~'A’ is invertible*. As a result, the only
solution of equations (3.11) is

.YJ* — Q—lA/(AQ—lAI)—lb )\* _ —(AQ_lA,)_lb.

Finally, by Theorem 15, it follows that z* is a strict constrained (global) minimizer.

3.3 Nonlinear programming methods: introduction

The methods of non-linear programming that have been mostly studied in recent years
belong to two categories. The former includes all methods based on the transformation
of a constrained problem into one or more unconstrained problems, in particular the so-
called (exact or sequential) penalty function methods and (exact or sequential) augmented
Lagrangian methods. Sequential methods are based on the solution of a sequence of
problems, with the property that the sequence of the solutions of the subproblems converge

4This is the case if rankA = m.
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to the solution of the original problem. Exact methods are based on the fact that, under
suitable assumptions, the optimal solutions of an unconstrained problem coincides with
the optimal solution of the original problem.

The latter includes the methods based on the transformation of the original problem into
a sequence of constrained quadratic problems.

From the above discussion it is obvious that, to construct algorithms for the solution of
non-linear programming problems, it is necessary to use efficient unconstrained optimiza-
tion routines.

Finally, in any practical implementation, it is also important to quantify the complexity
of the algorithms in terms of number and type of operations (inversion of matrices, differ-
entiation, ...), and the speed of convergence. These issues are still largely open, and will
not be addressed in these notes.

3.4 Sequential and exact methods

3.4.1 Sequential penalty functions

In this section we study the so-called external sequential penalty functions. This name is
based on the fact that the solutions of the resulting unconstrained problems are in general
not admissible. There are also internal penalty functions (known as barrier functions) but
this can be used only for problems in which the admissible set has a non-empty interior.
As a result, such functions cannot be used in the presence of equality constraints.

The basic idea of external sequential penalty functions is very simple. Consider problem
Py, the function

0, ifreX
a() = (3.12)
400, ifzgX
and the function
F=f+gq. (3.13)

It is obvious that the unconstrained minimization of F yields a solution of problem F.
However, because of its discontinuous nature, the minimization of F' cannot be performed.
Nevertheless, it is possible to construct a sequence of continuously differentiable functions,
converging to F', and it is possible to study the convergence of the minima of such a
sequence of functions to the solutions of problem F.

For, consider a continuously differentiable function p such that

0, fxeX
ple) = (3.14)
>0, ifegX,
and the function
1

Fe:f+_pa
€
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with € > 0. Tt is obvious that®
limF, =F.

e—0

The function F; is known as external penalty function. The attribute external is due to
the fact that, if Z is a minimizer of F, in general p(Z) # 0, i.e. £ ¢ X. The term %p is called
penalty term, as it penalizes the violation of the constraints. In general, the function p

has the following form

P
p= (9:)*+ Y (max(0,hi))>. (3.15)
i=1 i=1
Consider now a strictly decreasing sequence {ex} such that limy_, € = 0. The sequential
penalty function method consists in solving the sequence of unconstrained problems

ngﬁin FEk (x)’

with z € IR™. The most important convergence results for this methods are summarized
in the following statements.

Theorem 16 Consider the problem Py. Suppose that for all o > 0 the set®
Xo={z e R" ||gi(z)| <o,i=1,---;m}Nn{x € R" | hi(x) <o,i=1,---,p}

is compact. Suppose moreover that for all k the function F, (x) has a global minimizer
T

Then the sequence {xx} has (at least) one converging subsequence, and the limit of any
converging subsequence is a global minimizer for problem Py.

Theorem 17 Let z* be a strict constrained local minimizer for problem Py. Then there
exist a sequence {x} and an integer k > 0 such that {xy} converges to x* and, for all
k >k, xi is a local minimizer of F, (x).

The construction of the function F, is apparently very simple, and this is the main ad-
vantage of the method. However, the minimization of the function F, may be difficult,
especially for small values of €. In fact, it is possible to show, even via simple examples,
that as € tends to zero the Hessian matrix of the function F. becomes ill conditioned. As
a result, any unconstrained minimization algorithm used to minimize F, has a very slow
convergence rate. To alleviate this problem, it is possible to use, in the minimization of
F,.,, as initial point the point z;. However, this is close to the minimizer of F,
if €541 is close to €, i.e. only if the sequence {¢;} converges slowly to zero.

We conclude that, to avoid the ill conditioning of the Hessian matrix of F, hence the slow
convergence of each unconstrained optimization problem, it is necessary to slow down the
convergence of the sequence {zy}, i.e. slow convergence is an intrinsic property of the
method. This fact has motivated the search for alternatives methods, as described in the
next sections.

only

®Because of the discontinuity of F, the limit has to be considered with proper care.
5The set X° is sometimes called the relaxed admissible set.
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Remark. It is possible to show that the local minima of F, describe (continuous) trajectories
that can be extrapolated. This observation is exploited in some sophisticated methods for
the selection of initial estimate for the point x;. However, even with the addition of this
extrapolation procedure, the convergence of the method remains slow. o

Remark. Note that, if the function p is defined as in equation (3.15), then the function
F, is not two times differentiable everywhere, i.e. it is not differentiable in all points in
which an inequality constraints is active. This property restricts the class of minimization
algorithms that can be used to minimize F. o

3.4.2 Sequential augmented Lagrangian functions

Consider problem Py, i.e. an optimization problem with only equality constraints. For
such a problem the Lagrangian function is

L=f+Xyg,

and the first order necessary conditions require the existence of a multiplier A* such that,
for any local solution z* of problem P; one has

VaeL(z*,A*) =0
VaL(2*, \) = g(a*) = 0. (3.16)
The first of equations (3.16) is suggestive of the fact that the function L(x,\*) has a
unconstrained minimizer in z*. This is actually not the case, as L(z, A*) is not convex in a
neighborhood of z*. However it is possible to render the function L(z, A*) convex with the
addition of a penalty term, yielding the new function, known as augmented Lagrangian
function”,

La(r, ¥) = L, X+~ g(x) (317)

which, for e sufficiently small, but such that 1/e is finite, has a unconstrained minimizer
in z*. This intuitive discussion can be given a formal justification, as shown in the next
statement.

Theorem 18 Suppose that at x* and \* the sufficient conditions for a strict constrained
local minimizer for problem Py hold. Then there exists € > 0 such that for any e € (0, €)
the point x* is a unconstrained local minimizer for the function L,(x, \*).

Vice-versa, if for some € and X\*, at x* the sufficient conditions for a unconstrained local
minimizer for the function Lq(xz,\*) hold, and g(x*) = 0, then z* is a strict constrained
local minimizer for problem P;.

The above theorem highlights the fact that, under the stated assumptions, the function
Lo(z, A*) is an (external) penalty function, with the property that, to give local minima

"To be precise we should write Lq(x, A*, €), however we omit the argument e.
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for problem P it is not necessary that ¢ — 0. Unfortunately, this result is not of practical
interest, because it requires the knowledge of A*. To obtain a useful algorithm, it is possible
to make use of the following considerations.

By the implicit function theorem, applied to the first of equation (3.16), we infer that
there exist a neighborhood of \*, a neighborhood of z*, and a continuously differentiable
function z(\) such that (locally)

VauLa(z(A),\) = 0.

Moreover, for any € € (0,€), as V2, L,(z*, \*) is positive definite also V2, L, (z, ) is locally
positive definite. As a result, z(\) is the only value of x that, for any fixed A, minimizes
the function L,(x, A). It is therefore reasonable to assume that if Ay is a good estimate of
A*, then the minimization of L,(x, \x) for a sufficiently small value of €, yields a point x
which is a good approximation of z*.

On the basis of the above discussion it is possible to construct the following minimization
algorithm for problem P;.

Step 0. Given xg € IR", A\; € IR™ and ¢; > 0.
Step 1. Set k = 1.

Step 2. Find a local minimizer xy, of L,(x, A\;) using any unconstrained minimization
algorithm, with starting point xj_1.

Step 3. Compute a new estimate \g1q of \*.
Step 4. Set €11 = Bex, with 8 = 1if [|g(zx11)|| < 3|lg(zx)| or B < 1 otherwise.

Step 5. Set k =k + 1 and go to Step 2.

In Step 3 it is necessary to construct a new estimate Agyq of Ag. This can be done with
proper considerations on the function L,(z()A), ), introduced in the above discussion.
However, without providing the formal details, we mention that one of the most used
update laws for A are described by the equations

2
Akp1 = g + ;9(%), (3.18)

or

—1
Mest =M= [V2La(z(O0), A)| g(an), (3.19)

whenever the indicated inverse exists.

Note that the convergence of the sequence {zj} to z* is limited by the convergence of the
sequence {A;} to A*. It is possible to prove that, if the update law (3.18) is used then the
algorithm as linear convergence, whereas if (3.19) is used the convergence is superlinear.

Remark. Similar considerations can be done for problem P5. For, recall that problem P, can
be recast, increasing the number of variables, as an optimization problem with equality
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constraints, i.e. problem P,. For such an extended problem, consider the augmented
Lagrangian

p

La(w,y.p) = f(@) + > pi (hi) + 47) + zp:( +yz)2,

i=1 =1

mlH

and note that, in principle, it would be possible to make use of the results developed
with reference to problem P;. However, the function L, can be analytically minimized
with respect to the variables y;. In fact, a simple computation shows that the (global)
minimizer of L, as a function of y is attained at

vil, p) = \/— min (o, hi(2) + gpi)_

As a result, the augmented Lagrangian function for problem P is given by

p € 2
Lufa.p) = £(a) + ph(o) + < [H@)? = £ 3 (min0, hi(w) + 50

i=1

3.4.3 Exact penalty functions

An exact penalty function, for a given constrained optimization problem, is a function of
the same variables of the problem with the property that its unconstrained minimization
yields a solution of the original problem. The term ezact as opposed to sequential indicates
that only one, instead of several, minimization is required.

Consider problem Pj, let * be a local solution and let A* be the corresponding multi-
plier. The basic idea of exact penalty functions methods is to determine the multiplier A
appearing in the augmented Lagrangian function as a function of x, i.e. A = A(x), with
A(x*) = X*. With the use of this function one has®

1
Lo(w, A(2)) = f(2) + M@)'g() + ~[|lg(2)||*.
The function A(x) is obtained considering the necessary condition of optimality

ag(x* /

VoLa(a*, X) = Vf(@*) + 2 Sy o (3.20)

and noting that, if «* is a regular point for the constraints then equation (3.20) can be
solved for A* yielding

. (0g(a®) dg(a*)\ ' 9g(at) o o
A __< Oz ox ) oz Vi)

8 As in previous sections we omit the argument e.
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This equality suggests to define the function A(x) as

AMz) = — <59($) 09(96)’)‘1 dg(x)

Vf(x),
or Oz ox f(@)
and this is defined at all z where the indicated inverse exists, in particular at z*.

It is possible to show that this selection of A(x) yields and exact penalty function for
problem Pj. For, consider the function

1\ —1 x
Gla) = @) — glay (PAD LY 28 9 (0) 4 2 g )

which is defined and differentiable in the set
~ 0
X={zeR"| rankﬂ =m}, (3.21)
ox
and the following statements.

Theorem 19 Let X be a compact subset of X. Assume that z* is the only global minimizer
of f in X N X and that x* is in the interior of X. Then there exists € > 0 such that, for
any € € (0,€), z* is the only global minimizer of G in X.

Theorem 20 Let X be a compact subset of X. Then there exists € > 0 such that, for any
€ € (0,€), if z* is a unconstrained minimizer of G(x) and x* € X, then x* is a constrained
local minimizer for problem Pj.

Theorems 19 and 20 show that it is legitimate to search solutions of problem P} minimizing
the function G for sufficiently small values of €. Note that it is possible to prove stronger
results, showing that there is (under certain hypotheses) a one to one correspondence
between the minima of problem P; and the minima of the function G, provided e is
sufficiently small.

For problem P it is possible to proceed as discussed in Section 3.4.2, i.e. transforming
problem P, into problem P, and then minimizing analytically with respect to the new
variables y;. However, a different and more direct route can be taken. Consider problem
P, and the necessary conditions

*\/

ahgfc Yo —o (3.22)

VaoL(x*, p*) =V f(a*) +

and
phi(a®) = 0, (3.23)

fori=1,---,p. Premultiplying equation (3.22) by % and equation (3.23) by v2h;(x*),
with v > 0, and adding, yields
(ah(x*) Oh(z*) Oh(z*)

A S At SalV I & oG * o L) *\
o) +7Hmw)p+ )i =0,
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where

H(z*) = diag(hq(z¥), - -, hp(x™)).

As a result, a natural candidate for the function p(z) is

ple) = - (BB i) g,

which is defined whenever the indicated inverse exists, in particular in the neighborhood
of any regular point. With the use of this function, it is possible to define an exact penalty
function for problem P, and to establish results similar to those illustrated in Theorems
19 and 20.

The exact penalty functions considered in this section provide, in principle, a theoretically
sound way of solving constrained optimization problem. However, in practice, they have
two major drawbacks. Firstly, at each step, it is necessary to invert a matrix with dimen-
sion equal to the number of constraint. This operation is numerically ill conditioned if
the number of constraints is large. Secondly, the exact penalty functions may not be suf-
ficiently regular to allow the use of unconstrained minimization methods with fast speed
of convergence, e.g. Newton method.

3.4.4 Exact augmented Lagrangian functions

An exact augmented Lagrangian function, for a given constrained optimization problem, is
a function, defined on an augmented space with dimension equal to the number of variables
plus the number of constraint, with the property that its unconstrained minimization yields
a solution of the original problem. Moreover, in the computation of such a function it is
not necessary to invert any matrix.

To begin with, consider problem P; and recall that, for such a problem, a sequential
augmented Lagrangian function has been defined adding to the Lagrangian function a
term, namely 1||g(z)||?, which penalizes the violation of the necessary condition g(z) = 0.
This term, for e sufficiently small, renders the function L, convex in a neighborhood of
x*. A complete convexification can be achieved adding a further term that penalizes the
violation of the necessary condition V,L(x,\) = 0. More precisely, consider the function

1 0g(x
S ) = 1)+ No@) + lo@ P+l 20w nw e, 320
with € > 0 and > 0. The function (3.24) is continuously differentiable and it is such that,
for e sufficiently small, the solutions of problem P; are in a one to one correspondence
with the points (x, \) which are local minima of S, as detailed in the following statements.

Theorem 21 Let X be a compact set. Suppose x* is the unique global minimizer of f
in the set X N X and x* is an interior point of X. Let \* be the multiplier associated to
x*. Then, for any compact set A C IR™ such that \* € A there exists € such that, for all
€ € (0,€), (z*,\*) is the unique global minimizer of S in X x T.
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Theorem 22 Let?® X x A C X x IR™ be a compact set. Then there exists € > 0 such
that, for all € € (0,€), if (z*,\*) is a unconstrained local minimizer of S, then x* is a
constrained local minimizer for problem Py and \* is the corresponding multiplier.

Theorems 21 and 22 justify the use of a unconstrained minimization algorithm, applied to
the function S, to find local (or global) solutions of problem P;.
Problem P can be dealt with using the same considerations done in Section 3.4.2.

3.5 Recursive quadratic programming

Recursive quadratic programming methods have been widely studied in the past years. In
this section we provide a preliminary description of such methods. For, consider problem
Py and suppose that * and A* are such that the necessary conditions (3.7) hold. Consider
now a series expansion of the function L(z, A*) in a neighborhood of z*, i.e.

Liz, \*) = f(a*) + %(m )V L, M) (@ — ) o

a series expansion of the constraint, i.e.

0=yg(z)=g(")+
and the problem
1
min fla*) + §(x — 2*)' V2, L(z*, \*)(x — x¥)

dg(x*)
oz

PQ,

(x —2*) =0.

Note that problem PZ)I has the solution x*, and the corresponding multiplier is A = 0,
which is not equal (in general) to A*. This phenomenon is called bias of the multiplier,
and can be avoided by modifying the objective function and considering the new problem

min f (&) + VI (@) (& a%) + 5 (2 — ") V2, LX) (o — a7)
P@y (3.25)

which has solution z* with multiplier A*. This observation suggests to consider the se-
quence of quadratic programming problems

1
min f (zx) + Vf(xr)'0 + 55'VixL(a:k, Ai)d

PQH (3.26)
g(zy) +

9The set X is defined as in equation (3.21).
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where § = x — z, and z; and Ap are the current estimates of the solution and of the
multiplier. The solution of problem PQ’lngl yields new estimates x4 1 and Ag41. To assess
the local convergence of the method, note that the necessary conditions for problem PQ”f‘H
yields the system of equations

dg(w)’
V2, L(zg, \g) rramik Vf(zk)
dg(zx) 0 l A ] - l g(zk) ] ’ (3.27)

ox

and this system coincides with the system arising from the application of Newton method
to the solution of the necessary conditions for problem P;. As a consequence, the solutions
of the problems PQ"fJrl converge to a solution of problem P, under the same hypotheses
that guarantee the convergence of Newton method.

Theorem 23 Let x* be a strict constrained local minimizer for problem Py, and let \*
be the corresponding multiplier. Suppose that for x* and \* the sufficient conditions of
Theorem 15 hold. Then there exists an open neighborhood Q0 C IR™ x IR™ of the point
(x*, A*) such that, if (xo, o) € 2, the sequence {xy, A} obtained solving the sequence of
quadratic programming problems PQlf'H, with k = 0,1,---, converges to (x*, \*).
Moreover, the speed of convergence is superlinear, and, if f and g are three times differ-
entiable, the speed of convergence is quadratic.

Remark. It is convenient to solve the sequence of quadratic programming problems PQlf‘H,
instead of solving the equations (3.27) with Newton method, because, for the former it is
possible to exclude converge to maxima or saddle points. o

In the case of problem P, using considerations similar to the one above, it is easy to
obtain the following sequence of quadratic programming problems

min f(zy) + Vf(x1)'0 + %5'VixL(a:k, Ai)d
PQEH 32 (3.28)

%5 + h(zg) < 0.
This sequence of problems has to be solved iteratively to generate a sequence {xj, A}
that, under hypotheses similar to those of Theorem 23, converges to a strict constrained
local minimizer of problem Ps.
The method described are the basis for a large class of iterative methods.
A first disadvantage of the proposed iterative schemes is that it is necessary to compute
the second derivatives of the functions of the problem. This computation can be avoided,
using the same philosophy of quasi-Newton methods.
A second disadvantage is in the fact that, being based on Newton algorithm, only local
convergence can be guaranteed. However, it is possible to combine the method with global
convergent methods: these are used to generate a pair (Z, 5\) sufficiently close to (z*, \*)
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and then recursive quadratic programming methods are used to obtain fast convergence
to (x*, A*).

A third disadvantage is in the fact that there is no guarantee that the sequence of admis-
sible sets generated by the algorithm is non-empty at each step.

Finally, it is worth noting that, contrary to most of the existing methods, quadratic
programming methods do not rely on the use of a penalty term.

Remark. There are several alternative recursive quadratic programming methods which
alleviate the drawbacks of the methods described. These are (in general) based on the
use of quadratic approximation of penalty functions. For brevity, we do not discuss these
methods. ©

3.6 Concluding remarks

In this section we briefly summarize advantages and disadvantages of the nonlinear pro-
gramming methods discussed.

Sequential penalty functions methods are very simple to implement, but suffer from the
ill conditioning associated to large penalties (i.e. to small values of €). As a result, these
methods can be used if approximate solutions are acceptable, or in the determination of
initial estimates for more precise, but only locally convergent, methods. Note, in fact, that
not only an approximation of the solution 2* can be obtained, but also an approximation
of the corresponding multiplier A*. For example, for problem P;, a (approximate) solution
Z is such that

hence, the term % g(Z) provides an approximation of A\*.

Sequential augmented Lagrangian functions do not suffer from ill conditioning, and yield
faster speed of convergence then that attainable using sequential penalty functions.

The methods based on exact penalty functions do not require the solution of a sequence
of problems. However, they require the inversion of a matrix of dimension equal to the
number of constraints, hence their applicability is limited to problems with a small number
of constraints.

Exact augmented Lagrangian functions can be built without inverting any matrix. How-
ever, the minimization has to be performed in an extended space.

Recursive quadratic programming methods require the solution, at each step, of a con-
strained quadratic programming problem. Their main problem is that there is no guaran-
tee that the admissible set is non-empty at each step.

We conclude that it is not possible to decide which is the best method. Each method has its
own advantages and disadvantages. Therefore, the selection of a nonlinear programming
method has to be driven by the nature of the problem: and has to take into consideration
the number of variables, the regularity of the involved functions, the required precision,
the computational cost, ....
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3.7 Exercises

Similarly to Section 2.10, this section contains a set of exercises related to the notions,
concepts, algorithms and tools discussed in Chapter 3. Since nonlinear programming
is a widely studied, and complex, area of optimization, there are several methods and
algorithms which are introduced only via exercises and which are not covered in details
in the text. It is my hope that the exercises could form the starting point for additional
reading.

Exercise 27 Consider the minimization problem

. 2 2
min 1 — 2] — x3,
x1,22

xlzo,
1'2207

r1+x2—1<0.

a) Show that all points in the admissible set are regular points for the constraints.

b) State the first order necessary conditions of optimality for such a constrained optimization problem.
¢) Using the conditions derived in part b), compute candidate optimal solutions.

d) Show that the admissible set is compact. Hence deduce the existence of a global minimizer for the

optimization problem. Determine the global minimizer of the problem. Is this minimizer unique?

Solution 27

a) The admissible set is the shaded area in the figure below. The arrows denote the gradient of
the constraints on the boundary of the admissible set. As can be seen, these vectors are always
independent, therefore all points are regular points for the constraints.

b) Define the Lagrangian
L=1-2ai -1} + p1(—z1) + p2(—x2) + p3(x1 + 22 — 1).

The first order necessary conditions of optimality are

—2x1 —p1+p3 =0, —2x2 — p2+p3 =0,

—x1 <0, —x2 <0, 1+ 22— 1 <0,

p1 20, p2 20, p3 >0,

—p1z1 =0, —pax2 =0, p3(z1+ 22 —1)=0.

¢) To compute candidate optimal solutions, note that from the last line of the necessary conditions we
have the following possibilities:

Pl: p1 =0, p2 =0, p3 =0; P2: p1 =0, p2 =0, p3 > 0;

P3: p1 =0, p2 >0, p3 =0; P4: p1 =0, p2 >0, p3 > 0;

P5: p1 >0, p2 =0, p3 =0; P6: p1 >0, p2 =0, p3 > 0;

P7: p1 >0, p2 >0, p3 =0; P8: p1 >0, p2 >0, p3 > 0.

This yields the following candidate points

P1l: 1 = 2 = 0 hence f = 1; P2: x1 = x2 =1/2 hence f =1/2;
P3: unfeasible; P4: 21 =1, 22 = 0, hence f = 0;
P5: unfeasible; P6: 21 =0, xz2 = 1, hence f = 0;

P7: unfeasible; P8: unfeasible.
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As a result, we have only four candidate points:
P, =(0,0), P, =(1/2,1/2), P, =(1,0), Ps =(0,1).

d) The admissible set is closed (the constraints include the equality sign) and bounded (see the figure),
hence compact. By Weierstrass theorem the function f has a global minimum in such a set. The
function f attains its global minimum at Ps and Ps, which are therefore both global minimizers.
(This can be also shown noting that the problem is symmetric, i.e. changing x1 into z2 and x2 into
x1 yields the same problem.)

X

Exercise 28 Consider the optimization problem

min —XT1 — T2
x1,T2

x?—&—x%—l:O

a) Transform this minimization problem into an unconstrained minimization problem using the method
of sequential penalty functions.

b) State the necessary conditions of optimality for the unconstrained problem of part a). Hence com-
pute approximate candidate optimal solutions for the unconstrained optimization problem. Discuss
the feasibility of these candidate optimal solutions.

(Hint: you may show that optimal points of the unconstrained problem are such that z = 3.
1 — 2z°

Moreover, use the fact that the solutions of 14+4x———— = 0, for € positive and small, are g + %@
€
V2 1 1
) -+ EE, 726)

¢) Consider the stationary points of the sequential penalty function in part b). Consider the limit for
€ — 0 of these stationary points and thus determine candidate optimal solutions for the original
constrained optimization problem.

Solution 28

a) A sequential penalty function for the constrained problem is

1
F.=—x1 — 29+ Z(:E% +£E% — 1)2
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b) The necessary conditions of optimality for F. are

1+ @f a3 - 1)

0=VF.=
-1+ 4%(1’%4’1’% -1)
As a result,
1 4
—=—(@ a3 -1
X1 €
1 4
— = (a7 425-1)
X2 €

yielding z1 = x2. Let 1 = x2 = . From the first equation we have

1 4 1—22°
=2 1) => 144z a—
T €
As stated, this equation has approximate solutions
2 1 2 1 1
i—&——e, —£+—e, ——€.
2 8 2 8 4

As a result, F. has three stationary points:

V2 1 V2 1 -2 1 =2 1 11
P | —+-¢,—+ - Poxx|—+-€¢,——+ = Py~ |——€,—=€].
! (2+86’2+86’ 2 > Tso 2 T ’ (46’ 46)
Note that none of the above points is feasible, for any € > 0 and sufficiently small.
¢) The stationary points of F. are such that

lim P1 = (ﬁ, ﬁ) 5 lim P2 == (—ﬁ,—ﬁ) 5 hn})Pg = (0,0)

e—0 2 2 e—0 2 2

Hence, P; and P> converge to the admissible set, and P; is a (local) solution of the optimization
problem considered.

Exercise 29 Consider the optimization problem
.2 2
min ry — To,
1,T2
T — x% =0.
a) Sketch in the (z1,z2)-plane the level lines of the function to be minimized and the admissible set.
(Hint: plot the level lines corresponding to z? —z2=0and 2? — 22 = +4.)

b) Using first order necessary conditions, compute candidate optimal solutions. Use second order
sufficient conditions to decide which of the candidate points is a local minimizer or a local maximizer.

¢) Compute an exact penalty function for the minimization problem and verify that the candidate
optimal solutions determined in part b) are stationary points of the exact penalty function.

Solution 29
a) The level sets and the admissible set are depicted in the figure below.

b) Let
L(z,\) = 2} — 23 4+ Az — 3).

The first order necessary conditions are

2x1 + A =0, —2x2 — 2Ax2 = 0, T — 25 =0,
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and these yield the candidate optimal points
P =(0,0), P»=(1/2,v2/2), Py=(1/2,-V2/2),

with corresponding multipliers Ay = 0, A2 = —1, A3 = —1. The second order sufficient conditions are
s'V2,L(z*,\*)s > 0 for s # 0 such that [1, —2z3]s = 0. For P one has s = [0,1]’ and s'(VZ,L)s < 0,
hence P, is a local maximizer. For P, one has s = [v/2,1]" and s'(V2,L)s = 4, and for P; one has
s =[v2,—1] and s'(V2,)Ls = 4. Hence, P» and P3 are local minimizers.

¢) An exact penalty function for the considered problem is

(221 + 423) (21 — 23) " (z1 — 23)?
1+ 4% € ’

G(z1,22) = :v% — :vg —

with € > 0. Its stationary points are the solutions of

—x1€+ dziexs — ex + x1 + dv1xd — 22 — dah
(1+4232)e

2

0 = VG(:El,iL'Q) =
—€e+ 8ex? — 2w1e — 2x1 — 1621235 — 32x1 25 + 223 + 1625 + 3225
(1 + 4x3)2e

2302

By direct substitution we verify that, for any € > 0, the points P, P> and Ps are stationary points
of G.

constraint
f==4

=0

[iN
T
I

2+ -

f=-4

-4 L 1 1 (
-5 0 5 10 15 20

Exercise 30 Consider the minimization problem

min —T1r2,
T1,T2

0<zi+mx2 <2
—2 S Tr1 — X2 S 2,
a) Sketch in the (z1,z2)-plane the level surfaces of the function to be minimized and the admissible
set. Hence show that all points in the admissible set are regular points for the constraints.

b) Using only graphical considerations determine the global solution of the considered problem.



3.7. EXERCISES 109

)

d)

State first order necessary conditions of optimality for such a constrained optimization problem.
Show that the point determined in part b) satisfies first order necessary conditions of optimality,
for some selection of the multiplier p.

Show that the point determined in part b) satisfies second order sufficient conditions of optimality
for such a constrained optimization problem.

Solution 30

a)

The admissible set is the shaded area in the figure below. The arrows denote the gradient of
the constraints on the boundary of the admissible set. As can be seen, these vectors are always
independent, therefore all points are regular points for the constraints. The dashed lines represent
level lines of the function f.

From the figure it can be seen that the minimum is achieved when the level line of the function f
is tangent to the admissible set, i.e. at the point p = (1,1).

Consider the Lagrangian
L=—z1z2+ p1(—x1 — x2) + p2(x1 + 22 — 2) + p3(—2 — 21 + z2) + pa(x1 — 22 — 2).
The first order sufficient conditions of optimality are

—T2 — p1+ p2 — pP3 + pa

0=VsL= —Z1 — p1+ p2 + p3 — pa
—x1 —x2 <0, 1+ 22 —2 <0, —x1 —x2—2<0, 1 —x2 —2 <0,
p1 >0, p2 > 0, p3 > 0, pa >0,
p1(—z1—x2) =0, p2(z14+22—2) =0, p3(—2—xz1+x2) =0, pa(z1—x2—2) = 0.

Setting (z1,z2) = (1,1) and selecting p1 = 0, p3 = 0, ps = 0 satisfies all the above equations.
Hence, the point (z1,z2) = (1,1), together with the given multipliers, satisfies first order necessary
conditions of optimality.
To check second order sufficient conditions note that for (x1,z2) = (1, 1) the only active constraint
is x1 + 22 — 2 < 0. Therefore we need to check positivity of s'Vist for s = [s1 52]' such that
[1 1]s = 0. This means s1 + s2 = 0, hence, solving for sz, one has
12 _ 0 -1 S1 5.2

sszLs—[sl —31]|:1 0 :|[31:|—251>0
for s1 # 0. As a result, the point obtained from graphical considerations in part b) is indeed a local
minimizer for the considered problem.

X
AN

f>0
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Exercise 31 Consider the optimization problem

. 2 2 2
min Tz] + Tx5 + 3,
x1,T2,T3

1 +x2+x3—1=0.

Transform this minimization problem into an unconstrained minimization problem by solving the
constraint equation for z3 and substituting the solution into the objective function.

Assume T > 0. Consider the unconstrained minimization problem determined in part a). Find (the
unique) candidate optimal solution and show that this is indeed a local minimizer.

Assume T > 0. Exploit the results in parts a) and b) to determine the solution of the constrained
optimization problem.

Assume T' > 0. Consider the so-called [ penalty function

|z1 + z2 + 3 — 1]

fp:Tx§+Tx§+x§+ .

with € > 0 and sufficiently small. Show that the unique stationary point of f;, coincides with the

optimal solution determined in part c).
(Hint: recall that that % = sign(z) and that sign(0) € [—1,1]. Moreover, use the fact that the
stationary points of f, do not depend upon the parameter ¢.)

Solution 31

a)

b)

¢)

d)

Solving the constrain equation for z3 yields x3 = 1 — x1 — x2. This is replaced in the function to
minimize, hence resulting in the unconstrained minimization problem

min f
T1,T2
with ~
f=Tx} +Tas + (1 —x1 — x2)°.

To determine candidate optimal solution consider the equations

0=Vf=
2T xo + 221 + 222 — 2.

2Tx1 + 221 + 272 — 2 ]

These have the unique solution

Note now that

2 —
Vif= 2 2T + 2
and this is positive definite for 7' > 0. Hence, the obtained stationary point is a local minimizer for
f.

To obtain a solution of the original problem it is enough to compute

* * * T
ZE3:17$17ZE2:T—_’_2.

. [2T+2 2 ]

To compute the stationary points of f, consider the equations

sign(z1 + @2 + 23 — 1)
€

sign(z1 + @2 + 23 — 1)
€

sign(z1 + @2 + 23 — 1)
€

2T %1 +

0=Vfp=| 2Txzs+

2z3 +
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These can be rewritten as

_sign(z + @2 73 — 1)
€

2T:El = 2T1'2 = 21’3 =

yielding z1 = z3/T and z2 = x3/T. Replacing this in the last equation yields

sign(zs/T + x3/T + x5 — 1)
2:83:7 .
€

Note now that the solution of this equation may be independent of € only if z3/T+xz3/T+x3—1 =0,
implying 3 = x3. Finally, this implies that x1 = ] and x2 = z3, i.e. the unique stationary point
of fp coincides with the optimal solution obtained in part c).

Exercise 32 Consider the optimization problem

min 122,
T1,T2

24z -1<0.

a) State first order necessary conditions of optimality for such a constrained optimization problem.
b) Using the conditions derived in part a), compute candidate optimal solutions.

¢) This constrained optimization problem can be transformed into an unconstrained optimization prob-

lem by defining the so-called barrier function

€

Be(z) = T —
(¢) = 2122 + 1—22 — 22

with € > 0, and considering the unconstrained minimization of Bc(z). Determine the stationary
points z. of Be(x).
(Hint: show that all stationary points Z = (Z1,Z2) are such that Z; = —Z2, and then note that the

solutions of the equation

v 2ex —0
(222 —1)2

are x =0 and = ﬁ:iﬂi;\/i)

Discuss the feasibility of the obtained stationary points z.. Compute lim z. and compare this result
e—0

with the results obtained in parts a) and b).

d) Discuss the advantages and disadvantages of the proposed barrier function method in comparison
with the sequential penalty function method discussed in Section 3.4.1.

Solution 32
a) The Lagrangian of the problem is
L=xi2z2 4 p(z} + 235 —1).
The first order necessary conditions of optimality are

0=Vv L—[“*m”}

1 + 2px2
af + 23 —1<0, p>0, (z1 + a5 —1)p=0.
b) From the first two equations we have that if p # 1/2 then 21 =22 =0. If p=1/2 then z1 + 22 =0

and from the last equation 2 + 23 — 1 =0. As a result z1 = :I:% and x2 = :F%- In conclusion we
have three candidate solutions

1 1 1 1
reoo.  m=(mog) A= ():
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¢) To determine the stationary points of Be, consider the equation

Ty 42— L
SRNCEEEIE
0=VzB= o
2e— 2
SR (e
From these we obtain 1
T2 9 -
N (e el
1
T 9~
R (R
hence x1/x2 < 0 and z2/z1 = z1/x2. As aresult x1 = —x2. Replacing in the second equation yields
1
T = 26@

hence we obtain five candidate solutions, namely

P, = (0,0), P, = (\/24;2\/2\/2%\/2)7 P = <\/2+2\/Z7 \/222\@)7

2 2

Pd:<\/2—2\/2_e _\/2—2\@) P:<_\/2—2\/2_e \/2—2\/2_e>_

2 2 2 2
Note that P,, Py and P. are feasible, whereas P, and P. are not feasible. Finally P, = P,
lim Pb = lim Pd = P2
e— e—0

and
lim P. = lim P, = Ps.

e—0 e—0

d) The proposed method is preferable to the sequential penalty function method because it provides
feasible solutions also for € > 0. However, the function B, is not defined on all IR?, hence it may be
difficult to perform a numerical minimization.

Exercise 33 Let Q € R™" withQ =Q' >0,z € R", A€ R™*" b€ IR™ and y € IR™. Consider the
minimization problem

1
min ~z’Q,
z 2

Ax —b <0,
and the so-called dual problem
min ly/AQ_lA/y +b'y,
D: v 2
-y <0.
a) Write first order necessary conditions of optimality for the problem P. (Denote the multiplier with
p-)
b) Write first order necessary conditions of optimality for the problem D. (Denote the multiplier with

c.)

c) Let y. and o, be such that the optimality conditions in part b) hold. Show that

z, =—Q Ay, Pr = Yus

are such that the optimality conditions in part a) hold.
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d) Consider the minimization problem

.1y
min =z'z,
P @ 2
r1+1< O7
with x € IR™ and x = [z1, 22, -, %) . Exploiting the results above solve this problem. (Hint: write

the dual D, of problem P, solve problem Di, and then obtain a solution to problem P; exploiting
the results in part c).)

Solution 33
1
a) Let Lp = Ex'Qx—f—p'(Ax —b) be the Lagrangian for problem P. The first order necessary conditions

of optimality for problem P are

Qz,. + A'p, =0, Az, — b <0, px >0, pi(Az, —b) = 0.

1 _ .
b) Let Lp = §y'AQ Ay +by+ o’ (—y) be the Lagrangian for problem D. The first order necessary
conditions of optimality for problem D are

AQ'Aly +b—0.=0, —y. <0, 0,20, oL(—y.) =0.

¢) Replacing z, = —Q *A’y, and p, = y, in the equations in part a) yields

Yx
Yo (A(—Q ™" A'y.) — b)

The first of the above equations holds trivially. For the second one note that

RQ-Q Ay )+ A'y. = 0,
A(=Q7'Ay) —b < 0,

> 0,

0.

A(-Q7'A'y) = b= —0. <0,

by the third of the equations in b). The third equation holds by the second of the equations in
b). The fourth equation holds exploiting the first and the fourth of the equations in b), hence we
conclude the claim.

d) Problem P is of the form of problem P with @ =1, A=[1,0,---,0] and b = —1. Hence, the dual

D1 is
.1,
min 5y” —y,
D1 : Y

-y S 07
with y € IR. The problem D; has the solution y. = 1 and o, = 0. Hence, the solution to problem
P1 is

ze = —[1,0,---,0], px = 1.

Exercise 34 Consider the optimization problem

. 2
min xj + T2,
xr1, T2

2+ (2 — 1) =4.
a) Sketch in the (z1,z2)-plane the level lines of the function to be minimized and the admissible set.
Hence show that all points in the admissible set are regular points for the constraints.

b) Using only graphical considerations determine the solution of the considered problem.
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¢) Show that the considered problem can be solved by eliminating the variable 21 and obtaining the
optimization problem

2

mind — (z2 — 1)2 4+ 2o
—1 S i) S 3.

d) Solve the optimization problem in part c) and hence obtain a solution for the considered optimization
problem.

e) Suppose that one wants to solve the considered optimization problem using recursive quadratic
programming methods. Write the quadratic programming problem associated with the considered
optimization problem.

Solution 34

a) The level lines and the admissible set are depicted in the figure below. Note that the constraint
is always active, and that the gradient of the constraint is never zero, hence all points are regular
points.

b) The solution of the problem is obtained when the level set of f is tangent to the admissible set in
its lower point. As a result, the optimal point is (z1,z2) = (0, —1).

¢) We can solve the constraint yielding
2] =4— (z2 —1)°
Replacing in f we obtain the function to minimize
f~:4f(:v271)2+x2.
Note that z2 is not free. In fact, from the constraint
(xa—1)>=4—27 <4

we obtain
-1 S T2 S 3.
This shows that eliminating the variable z1 yields the constrained scalar problem given in part b).

d) Note that a solution to the minimization problem in part c) is obtained at a stationary point of f
or at the boundary of the admissible set. The function f has a stationary point (a local maximizer)
for z2 = 3/2. Note now that

f=1) =1, F(3/2) = 21/4, 1) =3.
Therefore the function f attains its minimum for z; = —1. Replacing this into the constraint yields
z1 = 0 and this coincides with the optimal solution obtained in part b).
e) Consider the optimization problem min f(z) subject to g(xz) = 0. Using recursive quadratic pro-

gramming methods to solve this problem one obtains the quadratic programming problem

min f(@r) + VF(@r)'8 + 26'V20 Liwn, Ae)S,
k1 5 2
PQ;

g(xk) +

where L = f + \g, § = 2 — 2%, and =i and Ay are the current estimates of the solution and of the
multiplier. For the specific example one has to replace the functions f and g in the above expression
yielding
min xik + X2k + 2:8171@51 + 00 + (1 —+ Ak)(;% —+ Ak(;g,
k+1 81,02
P
27+ (z20 — 1)* — 4+ 221 161 + 2(z2,6 — 1)62 = 0.
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-2t

Exercise 35 Consider the optimization problem

a o o
max X1 Ty T3
T1, T2, T3

r1+x2+2x3—1=0
x1 >0
x2 >0
z3 2> 0,

with a > 1.
a) State first order necessary conditions of optimality for this constrained optimization problem.

b) Using the conditions derived in part a), compute candidate optimal solutions. Show that there is
only one candidate solution such that x1 # 0, 2 # 0 and z3 # 0.

¢) Consider the candidate optimal solution with z1 # 0, z2 # 0 and z3 # 0 determined in part
b). Show using second order sufficient conditions that such a candidate optimal point is a local
maximizer.

Solution 35

a) Let (note the change of sign in the objective function to transform the problem into a minimization
problem)
L = —aiz5xs + Mo + 22+ 23 — 1) + pa(—21) + pa(—x2) + ps(—z3).

The first order necessary conditions of optimality for the problem are

a—1_oa_ o a_a—1_« a o a—1
—ar] x3x3s +A—pu1 =0, —arixr, X3 +A—pu2 =0, —azxixriry  +A—pu3 =0,

1+ a2 +23 —1=0, —x1 <0, —x2 <0, —x3 <0,
p1 > 0, p2 2 0, ps >0, zipn =0, Tap2 =0, x3p3 = 0.
b) Consider the condition z1p1 = 0. This implies p; = 0 or 1 = 0. If 1 = 0 then, since o > 1,
A=p1=p2=p3=r2>0,

for some constant k. If kK > 0 then z2 = 0 and x3 = 0 which is not feasible. If kK = 0 then any x»
and z3 such that
ro+x3—1=0, r2 >0, z3 > 0,
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satisfy necessary conditions of optimality. We obtain similar conclusions from the conditions z2p2 =
0 and zszus = 0. To obtain other candidate solutions we have to consider the case x1 # 0, z2 # 0
and z3 # 0. In this case, 1 = p2 = pz = 0, and

arflzsry — A =0,

1,
arfrs” —A=0,
a—1
arfzfzs  —A=0.

The above equations imply 1 = x2 = x3 which, together with the constraint 1 + 22+ 23 —1 =0,
yields the candidate optimal solution (z1,z2,z3) = (1/3,1/3,1/3). In summary, all candidate
optimal solutions are

1 ::82::83:1/3

z1 =0, x24+2x3=1, 22 >0, x3 >0,

l’QZO7 T1+23=1, 1 >0, l’gZO7

l'3=07 1+ 22 =1, 21 >0, x2 > 0.

¢) At the point (z1,z2,23) = (1/3,1/3,1/3) the only active constraint is the equality constraint.

Hence, the second order sufficient conditions of optimality are s'V2?Ls > 0, for all s # 0 such that
[1, 1, 1]s = 0. Note now that at the considered point

1\ 3a-2 ala—1) o? a?
VL =— (5) o? ala—1) a?
o® o? ala—1)

and the admissible s can be parameterized as
Sa = [/3707 76], [77 s ] .

As a result

[Sa s5) V2L[sa s5] > 0,
which show that the considered point is a local minimizer (hence a maximizer for the original
problem).

Exercise 36 Consider the problem of approximating a matrix Q € IR"*"™ with a matrix of the form
A = plI, with I the identity matrix of dimension n x n and p > 0.

As a measure of the distance between the two matrices we could use either the square of the Frobenius
norm or the infinity norm. The Frobenius norm of a matrix L € IR"*" is defined as

ILlF =

where the L;;’s denote the entry of the matrix L. The infinity norm of a matrix L € IR™*" is defined as

n
I1Z]loo = max >~ |Ls].
7 j:l

The optimal approximation problem is thus the problem of determining the nonnegative constant p which
minimizes
1Q — pI||%
or
1Q = pIllso.
a) Show that the considered optimal approximation problems can be written as constrained minimiza-
tion problems with one inequality constraint.



3.7.

EXERCISES 117

b) Consider the Frobenius norm. Solve the problem derived in part a). Show that if trace(Q) > 0 then

the optimal p is positive, and if trace(Q) < 0 then the optimal p is zero.

¢) Consider the infinity norm and assume that n = 2, hence

] Qo Qa2
@= { Qo1 Qo ]

that 0 < Q11 < Q22 and that |Q12]| = |Q21].

i) Sketch the graph of the function to be minimized.
ii) Argue that the optimal solution p, is such that

0< Q11 < px < Q202.

iii) Compute the optimal solution p..

Solution 36

a) The optimal approximation problems can be written as

min [|Q — pI||%, min [|Q — pI||e,
Py ’ or P : ’
p =0, p=>0.
b) Note that
IQ—rIlz = (@u-p°+Qh+--+Ql.+

Q51+ (Q2—p)* + Q3+ + Q3+ +

Qi+ + Q51+ (Qnn—p)?

hence
trace(Q)

1Q = pI||F =np® —2p (Qu1 + Qa2 + - + Qun) + constant terms.

trace(Q)

n
If trace(Q) < 0 the function ||Q — pI||% is monotonically increasing for p > 0, hence it achieves its

minimum, in the set p > 0, for p = 0.

If trace(Q) > 0 the function ||Q — pI||%, which is convex, has a global minimizer for p =

The optimal approximation problem is now
~ min <max(|Qu —p| +1Q12], | Q21 + [Q22 P|))7
P : p

p>0.

A sketch of the function to be minimized is in the figure below. From this it is clear that 0 < Q11 <
p» < Q22. Note that p, is such that

[Q11 — pu| + |Q12] = [Q21] + |Q22 — pxl-
However, because 0 < Q11 < p» < Q22 this can be rewritten as

px = Qui| + 1Qu2| = |Q21] + [Qa2] — pu-
As a result (recall that @11 > 0, Q22 > 0 and |Q12| = |Q21])

_ Q11 + Q22
i

*
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max(|Q11 — p| + |Q12], |Q21] + [Q22 — pl)

Q11 —pl +1@1

Q12| + 1Q22 — pl

[Q12] = Q21

Exercise 37 Consider the optimization problem

. 2
min xry + T2,
z1,T2

234 (22 —1)2 > 1,
3 4 (22 — 2)? < 4.
a) Sketch in the (z1, z2)-plane the admissible set and show that there is a point which is not a regular
point for the constraints.
b) State first order necessary conditions of optimality for such a constrained optimization problem.
¢) Find candidate optimal solutions for the considered problem.
d) Prove that the non-regular point for the constraints is the global minimizer for the considered

problem.

Solution 37

a) The admissible set is the set outside a circle of radius one and centered at (0,1) and inside a circle
of radius two and centered at (0, 2), which is the shaded region in the figure below. The point (0, 0)
is not a regular point for the constraints because at this point both constraints are active and their

gradients, namely
211 2x1
2(1’2 — 1) ’ 2(1’2 — 2) ’

evaluated at the point, are linearly dependent.

b) To write necessary conditions of optimality rewrite first the constraints as
1—a2]—(z2—-1)°<0 21+ (22 —2)2—4<0
and define the Lagrangian function
L(w1, @2, 1, p2) = @5 + w2+ (1 — af — (w2 — 1)) + pa(af + (w2 — 2)* — 4).

The necessary conditions of optimality are

dL dL
— =211 — 2,LL1:El + 2}1,2:81 =0, —=1- 2#1(1'2 — 1) -+ 2#2(:82 — 2) =0,
dxq dza
1—27—(z2—1)2<0, 234 (22 —2)2 -4 <0,
H1 2 07 2 2 07

p(1 =i — (22— 1)*) = 0, pz(af + (22 — 2)* —4) = 0.
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)

To find candidate optimal solutions we exploit the complementarity conditions, hence we have four
possibilities.

e p1 =0and p2 =0.

This selection yields 0 = % =1, hence no candidate optimal solution.
o p1=0and 23 + (z2 — 2)2 —4 =0.
This selection yields, from 0 = ;TL;? either 1 = 0 or po = —1. The first option yields z2 =0

or z2 = 4, whereas the second option violates the positivity of ps. Moreover, the selection
z1 =0 and z2 = 4 yields, from 0 = %, p2 < 0, hence it is not a candidate solution.

° 1f:v%f(:v271)2:0and,u2:0.

This selection yields, from 0 = %, z1 = 0 or 1 = 1. The first option yields z2 = 0 or
x2 = 2. The second option yields, from 0 = %, x2 = 3/2, hence, from 1 —z? — (2 —1)? =0,

xr1 — i@
2 2 _ 2 2 _
o l—zi—(z2—1)"=0and 27+ (z2 —2)" —4=0.
The only point consistent with these conditions is (0, 0).
In summary the candidate solutions obtained so far are as follows.
e (0,0).
e (0,2).

V3 3
[ ] (:t77 5) .
Hence there are four candidate optimal solutions.

The nonregular point (0, 0) is such that :v% + 22 = 0. Note now that the function x% + x2 is always
nonnegative in the admissible set and it is zero, in the admissible set, if and only if z; = x2 = 0.
Hence the nonregular point is a global minimizer for the considered problem. Note that it is not
possible to associate, in a unique way, a pair of optimal multipliers to this optimal point.

(0,0)
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Exercise 38 Consider the optimization problem

2)

d)

s 2 2
min xi + x3,
@1, @2

—m1§07
1’271’17120.

Sketch in the (z1,z2)-plane the level surfaces of the function to be minimized and the admissible
set. Hence show that all points in the admissible set are regular points for the constraints.

Using only graphical considerations determine the solution of the considered problem.

This constrained optimization problem can be transformed into an unconstrained optimization prob-
lem by defining the so-called mixed penalty-barrier function

Fe(z1,22) = x1 + 23+ 1(9172 -1 — 1)2 + i,
€ 1
with € > 0 and considering the unconstrained minimization of F¢(z1,22). Determine the stationary
points of Fec(x1,x2).
(Hint: solve Va, Fe(x1,z2) = 0 for z2, and replace the obtained solution in the equation Vg, Fe(z1,22) =
0. Solve this last equation assuming that z; = ae'/? for some o > 0 to be determined, and ne-
glecting all terms ¢*, for k > 1/2.)

Show that the stationary point of Fe(x1,z2) computed in part c) tends, as € tends to zero, to the
optimal solution determined in part b).

Solution 38

a)

The admissible set, and the level surfaces of the function to be minimized are as in the figure below.
There are two constraints active at the point (0, 1) and their gradients, at this point, are independent.
At any other admissible point there is only one active constraint, the equality constraint, and its
gradient is always nonzero (it is a constant vector). Thus all points are regular points for the
constraints.

The optimal solution is obtained considering the smallest circle centered at the origin intersecting
the admissible set. Hence, the optimal solution is the point (0, 1).

The stationary points of the mixed penalty-barrier function are the solutions of
2 €
2$1——(l’2—$1—1)——2
0=VEF. = € 9 Ty
2x9 + Z(l’g — 1 — 1)

Solving the second equation yields
x1+1
e+1’

ro —

and replacing this in the first equation yields

0= 32 +4) + 221 —e(1+¢)
N (e+ Da? '

Setting z1 = ay/€ and neglecting all €* terms, with k > 1/2, yields 0 = (2o — 1), hence (recall that
a>0) z1 =4/€/2, and z2 = :/+21+1.

As € — 0, the stationary point of the mixed penalty-barrier function tends to (0,1), which is the
optimal solution of the considered problem.
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Exercise 39 Consider the optimization problem

min zix2,
T1, T2

%x% + 237% =1.

a) State first order necessary conditions of optimality for such a constrained optimization problem.
b) Using the conditions in part a) determine candidate optimal solutions for the considered problem.

¢) Transform the minimization problem into an unconstrained minimization problem using the method
of the exact augmented Lagrangian functions and write explicitly the exact augmented Lagrangian
function for the considered problem.

d) Show that the candidate optimal solutions determined in part b) are stationary points of the exact
augmented Lagrangian function.

e) Find the global minimizer for the considered problem. Is the global minimizer unique?

Solution 39
a) Define the Lagrangian
1
L(z1,22,\) = 2122 + )\(537% + 237% -1).

The first order necessary conditions of optimality are

dL dL 1
0=— =12+ Ay, 0=— =1z + 4z, x4+ 245 —1=0.
dl’l dxg 2
b) The conditions % = % = 0 can be rewritten as

o]

If 4X2 — 1 # 0 the above equation implies 1 = x2 = 0, which is not an admissible point. If
AN -1 =0, 0r A = :t%. then zo = :F%xh and replacing in the constrains yields the candidate
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solutions with the corresponding multipliers, namely

11 11
(1'1,1'2,)\) - (17757 5) ) (ZCl,ZEQ,)\) - (717 57 5) )

1 1 1 1
(1’1,1’2,)\)— (175775)7 (x17x27)‘)7 (71775775)

The exact augmented Lagrangian function for a constraint optimization problem with equality
constraints is

1 dg(x
Sa,X) = f(@) + Xo(@) + o) + 0l 220, L )2,
with € > 0 and > 0. For the considered problem, we have
1 5 2 1,1 5 2 2 T2 + AT1
S(x1,x2,\) = T122 +)\(§x1 +2z5 — 1)+ Z(§x1 +2x5 —1)"+7n ([ 1 4dxo ] [ 21+ Ao ])
The stationary points of the function S(z1,x2,\) are the solutions of the equations
d 2 1
0= ﬁ =x2+ A\z1 + %(517? +2x3 — 1) + 2n(5x1xa + Azt + 16Az3) (52 + 2Ax1),
1
d 1
= ﬁ =x1 + 4\x2 + 8%(5‘%% + 225 — 1) 4 2n(5z122 4+ Azt 4 16X23) (51 + 32Az2),
2
_dS 1, 2 2 2y, 2 2
= T 3% + 225 — 14 2n(bz1xe + AzT + 16Az3) (2] + 1623).

Replacing the candidate points obtained in part b) shows that indeed they are stationary points for
the augmented Lagrangian function. (Note that this is true for any e and 7.)

To find the global minimizer we evaluate the function to be minimized at the candidate optimal

solutions:
1

($1$2)x1:1,x2:—1/2 = y ($1$2)x1:—1,x2:1/2 =5

1
($1$2)x1:1,x2:1/2 = 57 ($1$2)x1:—1,x2:—1/2 =

[N I N

Hence, the points (1, —1/2) and (—1,1/2) are both global minimizers. (Note that the points (1,1/2)
and (—1,—1/2) are both global maximizers.)

Exercise 40 Consider the optimization problems

and

min [a1] + feal,

Z1, T2
Pmin ’
2 2
]+ x5 = 1,
max [z1] + [,
T1, T2
Pmax ’

x%—&—x%:L

a) Sketch in the (1, z2)-plane the admissible set and the level lines of the function |z1| + |z2|.

b) Using only graphical considerations determine the solutions of the considered problems.

¢) State first order necessary conditions of optimality for these constrained optimization problems.

Show that the optimal solutions determined in part b) satisfy the necessary conditions of optimality.
(Hint: use the fact that sign(0) = 0.)
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Q)

Write a penalty function F. for problem P,.;. Show that, for ¢ > 0 and sufficiently small, the
stationary points of F. approach the optimal solutions determined in part b). (Do not compute
explicitly the stationary points of Ft.)

(Hint: for e sufficiently small, the stationary points of F. are such that 1 # 0 and z2 # 0.)

Solution 40

2)

b)

The admissible set is the circle of radius one and with center at (0,0). The level lines of the function
|z1| 4 |x2| are squares with their vertices on the x1- and x2- axes, as indicated in the figure below.

The solution to problem P, is obtained considering the smallest square level set intersecting the
admissible set. Hence there are four optimal solutions, namely the points (0, £1) and (£1,0).
The solution to problem P,,q. is obtained considering the largest square level set intersecting the

V2 V2
%)

admissible set. Hence there are four optimal solutions, namely the points (iT’ +

Define the Lagrangian
L(z1, 22, ) = £(|21| + |a2]) + A(z] + 23 — 1),

where the + sign has to be used for Pp,i» and the — sign has to be used for Pqa.. The first order
necessary conditions of optimality are

0= ﬂ = tsign(z1) + 2A\z1, 0= ﬂ = tsign(x2) + 2\z2, x? + x% —1=0,
dx1 dza

and a direct substitution shows that the solutions determined in part b) satisfy the necessary
conditions of optimality.

A penalty function for problem Py,qz is
1
Fewn,w2) = = (1| + |22]) + (2 + 23 = 1)%
The stationary points of F. are the solutions of the equations

. 4 . 4
0 = —sign(z1) + le(ﬁ + 23— 1), 0 = —sign(z2) + Em(ﬁ +a23—1).

If we assume that the stationary points of Fe, for e sufficiently small, are away from z; = 0 and
from x2 = 0, then the stationary points are such that
sign(z1)  sign(x2)

z1 x2

which implies x2 = +z1. Replacing this in the first of the equations above yields
. 4 2
0= —sign(z1) + —z1(227 — 1),
€

or equivalently
isign(xl) =z1(227 — 1).

For € sufficiently small the solutions of this equation are of the form

V2
T = :N:T + o(e).

As a result, the stationary points of F. are of the form

<:|: (? + 0(e)> ,E (? + 0(e)>) ,

i.e. they are close to the optimal solutions of the problem P, for € sufficiently small.
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i
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Exercise 41 Consider the optimization problem

: 3 2 2
min x] —xix2 + 275,
1, T2

Z81207
$2204

a) State first order necessary conditions of optimality for this constrained optimization problem.

b) Using the conditions derived in part a) compute candidate optimal solutions. Show that there is one
candidate solution on the boundary of the admissible set and one in the interior of the admissible
set.

¢) Using second order sufficient conditions of optimality show that the candidate solution inside the
admissible set is not a local minimizer.

d) Show that the candidate optimal solution on the boundary of the admissible set is a local minimizer.
(Hint: show that the function to be minimized is zero at the candidate optimal solution, and it is
strictly positive in all admissible points in a neighborhood of the candidate optimal solution).

e) Show that the function to be minimized is not bounded from below in the admissible set. Hence,
argue that the problem does not have a global solution.
(Hint: consider the function to be minimized along the line z2 = 2z1, and study its behaviour for
x1 > 0 and large.)

Solution 41
a) Define the Lagrangian
L(x1, @2, p1, p2) = 25 — 2iz2 + 225 + p1(—21) + pa(—12).

The first order necessary conditions of optimality are

dL dL
O:d—xl:3x§72$1$27p17 O:d—m:7x§+4x2fp27
—x1 <0, —z2 <0, p1 >0, p2 >0,
—T1p1 = O7 —X2p2 = 0.

b) Using the complementarity conditions, i.e. the last two conditions, we have four possibilities.

e p; = 0and p2 = 0. This yields the candidate optimal solutions (z1,z2) = (0,0) and (z1,x2) =
(6,9).
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e p1 =0 and x2 = 0. This yields the candidate optimal solution (z1,z2) = (0,0).

e 21 =0 and p2 = 0. This yields the candidate optimal solution (z1,z2) = (0, 0).

e 1 =0 and z2 =0.
In summary there are two candidate optimal solutions: the point (0,0), on the boundary of the
admissible set, and the point (6,9) in the interior of the admissible set.

¢) The second order sufficient condition of optimality for the candidate point in the interior of the
admissible set is V2L(6,9) > 0. Note that

2 _ 9 —6
VL(679)_2[6 2}7
and that detV2L(67 9) < 0, which implies that V2L(67 9) is not positive definite. Hence the candidate
optimal point in the interior of the admissible set is not a local minimizer (tt is a saddle point).
d) To show that the point (0,0) is a local minimizer note that the function f to be minimized is such
that f(0,0) =0, f(x1,0) > 0 for z; > 0, and f(0,z2) > 0 for 2 > 0. Consider now straight lines
described by x2 = axi, with a > 0. Then

11—«
f(xl,axl):a2( o2 xi’+2x§),

which is positive for all @ > 0 and all 1 > 0 and sufficiently small. Since the function f is zero at
the candidate optimal solution (0, 0) and strictly positive in all admissible point in a neighborhood
of this point, then the point is a local minimizer.

e) The function f along the line z2 = 2z is given by f(z1,221) = —a + 427 and this function is not
bounded from below, i.e. lim f(z1,221) = —oo. This implies that the considered optimization
T1—00

problem does not have a global solution.

Exercise 42 Consider the optimization problem

max (x1z2 + T2x3 + T123),
z1, T2, T3

r1+ 22+ x3 = 3.
a) State first order necessary conditions of optimality for this constrained optimization problem and
show that there exists only one candidate optimal solution.

b) Using second order sufficient conditions of optimality show that the candidate solution is a local
maximizer.

¢) Consider the use of an exact penalty function for the solution of the problem.

i) Write an exact penalty function G for the problem.
ii) Show that the function is well-defined for every (z1,z2,z3).

iii) Show that the exact penalty function has only one stationary point and this coincides with
the optimal solution of the problem determined in part b).

Solution 42
a) Define the Lagrangian (note the change in sign due to the transformation of the maximization
problem into a minimization problem)
L(:El, T2, T3, )\) = 7(:81582 + xox3 + :81583) + )\(1'1 + 2o + 13 — 3)
The first order necessary conditions of optimality are

Ozﬂ:—mg—mg—I—M 0=d—L=—x1—x3+)\,
dxq dz
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o dL

= :71'2*5814»)\, O=x1+x2+ 23 — 3.
dxg

This is system a linear equations with the unique solution (z1,z2,z3,\) = (1,1,1,2). Hence the
problem has only one candidate optimal solution.

0 -1 -1
ViL=| -1 0 -1

-1 -1 0

b) Note that

and

99

29 _T1

oz [
The candidate optimal solution is a minimizer if s'V?Ls > 0 for all s # 0 such that s’g% = 0. The
set of such s’s can be described by linear combinations of the vectors

11,

si=[1 -1 0] so=[1 0 —1].
Note that

[81,82]/V2L[81782] = |: ? ; :| >0,

hence the candidate optimal solution is a local minimizer.

¢) The exact penalty function for a constraint optimization problem with equality constraints is

N\ —1
Gla) = f(x) — ¢'(@) <%2—’;) 2995+ Lg@I,

with € > 0.

i) For the considered problem we have

2 1
G(z1, 22, 3) = —($1$2+$2$3+$1$3)+§($1 +x2+1x3—3) (11 +$2+$3)+Z($1 +$2+$3—3)24

. L . g g’ . e e s
ii) The function is well-defined for all (x1, 2, x3) since 9999 s a full rank matrix (it is a nonzero

Oox Ox

constant).

iii) The stationary points of the function G(z1,z2,x3) are the solutions of the equations
2
(4z1 + w2 4+ 3) — 2+ E(ZE1+-’E2+-’E3*3)

2
(21 +4$2+$3)—2+E($1 + 22 4 23 — 3)

Wl Wl Wl

2
(71 +$2+4$3)—2+Z($1 +x2+ 23 — 3)

These equations have a unique solution (z1,z2,23) = (1,1,1) which does not depend upon ¢
and coincides with the optimal solution determined in part b).

Exercise 43 A chain with three links, each of length one, hangs between two points at the same height,
a distance L > 1 apart (see the figure below). To find the form in which the chain hangs we minimize the
potential energy.

Let (x;,y:) be the displacement of the right end of the ith link , from the right end of the (i — 1)th link.
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Y1 + Y2

The potential energy is therefore
1 1 1
V(y1y2,93) = gy + (Y1 + 5y2) + (41 + y2 + Sva).
a) The condition that the hanging points are a distance L apart can be translated in the constraint
xr1+ x2 +x3 = L.
Express this constraint in terms of the variables y;.
(Hint: use Pythagoras’ Theorem!)
b) Show that the condition that the height of the hanging points is the same can be expressed with
the constraint
y1 +y2+y3=0.
¢) Consider the problem of minimizing the potential energy V(y1,y2,ys) subject to the constraints
determined in parts b) and c).
i) Write necessary conditions of optimality for the considered optimization problem.

ii) Using physical considerations it may be noted that candidate optimal solutions should be such
that the chain has a \__/ shape or a /7\ shape. Show that these two shapes yield values for
Y1, Y2, y3 and for the Lagrangian multipliers such that the necessary conditions of optimality
are met.

(Hint: note that for both shapes y2 = 0.)

iii) By evaluating the potential energy at the candidate optimal solutions determined in part c.ii)
determine the shape that minimizes the potential energy.
Solution 43
a) From the figure above we obtain, for i = 1,2,3, 27 + 7 = 1, hence z; = /1 — y2, yielding the

constrain
VIi-g@+V/1-g3+/1-yi=1L

b) Since the height of the left hanging point is at zero, and the y-coordinate of the last link is y1 +y2+ys
then the condition that both hanging points are at the same height is given by y1 + y2 + y3 = 0.

¢) The optimization problem to solve is thus

min§ +§ +1
s 200 T 2Y2 T QY

VI—g+1-g3+/1-g3-L=0,

y1 +y2+y3=0.
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i) Define the Lagrangian

5 3 1
L(y1,y2,y3, A1, A2) = Sy1+ 2y2 + sys + A (y/1 — g3+ /1 — 42+ /1 — 53 — L) + Xa(y1 + y2 +ys).

T 27 T2
The first order necessary conditions of optimality are
oL 5 Y1 oL 3 Y2
= =-—-AM——+ X 0=-—=-—-M——+ Ao,
Oy 2 Vi—g@g oo Oy 2 V1-3
oL 1 Y3
8y3 b} 1 ,—1 — yg + 2,
VI-@3+/1-y3+/1-y3-L=0, Y1 +y2+ys=0.
ii) The indicated shapes are such that y2» = 0 andy: = —ys. Replacing these conditions in the
necessary conditions of optimality yields
oL 5 Y1 oL 3
= —— = = — —_— )\ 0=—== )\ )
oy 2 1 Cy — + A2, Oys 2 + A2
oL 1
0=—=—-&-)\1L—|—)\27
s 2 — 3

2\/1—yi+1—-L=0, 0=0.

These equations have the two solutions

1 L—-1 3
=+-v/3+2L—-L2 A =t—m Ao =——.
Y1 2 + ) 1 BTl 12 2 2

The one with positive y1 corresponds to the /7\ shape, the one with negative y; corresponds
to the \__/ shape. Note that all square roots are well-defined since L > 1.

iii) The potential energy for the above shapes is V (y1, y2, y3) = 2y1. Hence the candidate optimal
solution with negative y; yields a local minimizer.

Exercise 44 The economy class luggage policy of an airline on a transatlantic flight reads:

Each passenger is allowed one piece of luggage. The three linear dimensions, when added together, must
not exceed 150 cm.
The problem of maximizing the volume of the luggage can be posed and solved with the following steps.

a) Let z1 > 0, z2 > 0 and 23 > 0 be the three linear dimensions (in ¢cm) of a piece of luggage. Write the
considered optimization problem as a minimization problem subject to one inequality constraint.
(Do not include the constraints z1 > 0, z2 > 0 and x3 > 0 in the formulation of the problem.)

b) State first order necessary conditions of optimality for this constrained optimization problem.
¢) Using the conditions derived in part b) compute candidate optimal solutions.

d) Using second order sufficient conditions of optimality determine which of the candidate optimal
solutions determined in part c) is a local maximizer.

e) Which is the geometric shape of the ‘optimal luggage‘?
Solution 44
a) The considered optimization problem can be written as

max Ii1r273,
T1,T2,T3

1+ z2 + 3 < 150.
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b) Define the Lagrangian (note the change in sign of the objective function)
L(z1,z2,x3,p) = —z1x2x3 + p(x1 + 2 + 3 — 150).

The first order necessary conditions of optimality are

oL oL oL

0= —— = —xox3+p, 0=——=—z123 + p, 0=——— = —xox1+p,
o0x1 0x2 0x3

p>0, x1 4+ x2 + 23 — 150 < 0, p(x1 + T2 + T3 — 150) = 0.

¢) Using the complementarity condition, i.e. the last condition, we have two cases.
Case 1: p = 0. This implies z1x2 = zTox3 = 123 = 0, yielding the sets of candidate solutions

1 =22 =p=0,z3 < 150, r1 =23 =p=0,z2 <150, o =23 =p=0,z1 < 150.
Case 2: 1 + x2 + x3 = 150. This yields the candidate solutions
1 =x2 = p=0,x3 = 150, r1 =23 =p=0,z2 =150, o =x3 = p=0,z1 = 150,
and
z1 = 22 = x5 = 50, p = 50°.

d) Note that
O X3 i)
VQL(iL'l,l'g,l'g,) = — X3 0 X1
) X1 O

All candidate solutions obtained in Case 1, for which no constrain is active, are such that V2L
has a positive, a negative and a zero eigenvalue. As a result, all solutions obtained in Case 1, are
saddle points. Consider now the candidate solutions obtained in Case 2, and such that p = 0. For
such solutions the condition of strict complementarity does not hold, hence it is not possible to use
second order sufficient conditions to classify these points. Finally, consider the candidate optimal
solution

1 = 22 = x3 = 50, p=502.

The second order sufficient condition require s'V2L(507 50, 50)s > 0 for all non-zero s such that
[1 1 1]s=0.
Such s can be parameterized as
s = [ S1 S22 —S1— S2 },

yielding
s'V2L(50,50,50)s = 100(s7 + 55 + s152),

which is positive for all non-zero s; and s2. As a result, this candidate optimal solution is a local
minimizer. (It is a local maximizer for the original problem).

e) The optimal luggage is a cube!

Exercise 45 Consider the optimization problem

. 2
min z1x3,
®1,®2

m?—&—m%gz

a) State first order necessary conditions of optimality for this constrained optimization problem.

b) Using the conditions derived in part a) compute candidate optimal solutions.
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¢) Evaluating the objective function at the candidate optimal solutions determined in part b) derive
the solution of the considered optimization problem.

d) The considered constrained optimization problem can be solved minimizing the so-called logarithmic
penalty function given by
Pi(z1,22) = z125 — elog(2 — o] — 23),

with € > 0.
i) State first order necessary condition of optimality for P;.
ii) Show that the stationary points of P; are such that
x% = Qx?.
iii) Using the results in part d.ii) show that the stationary points of P; are such that
xl(Sxi’ —2z1—€) =0.

Hence argue that, as € approaches zero the stationary points of P, approach candidate optimal
solutions for the considered problem.

Solution 45

a) Define the Lagrangian
L(z1,x2,p) = x125 + p(x] + 235 — 2).

The first order necessary conditions of optimality are

oL oL
O=—=x§+2px17 0= — =2z122 + 2px2,
81'1 ((91'2
af + 23 -2<0, p=>0, p(zi + a5 —2) = 0.

b) Using the complementarity conditions, i.e. the last condition, we have two possibilities.
e p = 0. This yields the candidate optimal solutions
Py : (z1,22) = (,0)
with |a| < /2. Note that at (z1,z2) = (#+/2,0) the condition of strict complementarity does
not hold.

e 27 + 23 — 2 =0. This yields the candidate optimal solutions
P ($17x2) = (:t\/i70)7

with p > 0, and

with p = @

In summary there are infinitely many candidate optimal solutions, some of which such that second
order sufficient conditions cannot be used.

¢) The values of the objective function at candidate optimal points are

4
f(Pr) =0, f(P2) =0, F(Ps) = =5 V6.
Hence Ps is the solution of the considered problem.
d) i) The first order necessary condition of optimality for P; are
0=98 _ 2491 0= opias 4 2e 22

= = 2 _ 2 = 2 _ 2
0z 2—x7— x5 0x2 2 —a3 —z3
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ii) The equations defining the stationary points of P, yield, for nonzero z1 and z2,

1 x3
—QEﬁ = — :2x17
2—z{—x5 T1

hence stationary points are such that
x% = 217%.

If x1 = 0 then the necessary conditions yield z2 = 0, and similarly for z2 = 0. Hence, the
above relation holds for any z; and .
iii) Replacing the above relation in the equation
on
8$1

yields
337:;’ —2x1 — €

=0
3z3 —2

21’1

from which we infer that, as € — 0, x1 — 0 or x1 — :t%. As a result, as € goes to zero the
stationary points of P, approach the candidate optimal solutions of the problem.

Exercise 46 Consider the optimization problem

max x1 + 22 + x3,
T1,T2,T3

2 +i4+ 22 <1
a) State first order necessary condition of optimality for this constrained optimization problem.

b) Using the conditions derived in part a) compute candidate optimal solutions.

¢) Using second order sufficient conditions of optimality determine the solution of the optimization
problem.

d) Consider the change of variables
x1 = rcosfsin ¢, To = rsin @ sin ¢, T3 = 7 COS @,
with » >0, 6 € [0,27), and ¢ = [0, 27).

i) Rewrite the considered optimization problem in the new variables and show that the resulting
problem can be written in the form

(0
max 7 (6,9),

r<l1,
0 € [0,2m),
¢ €[0,2m),

Determine the function ¥ (0, ¢).

ii) Argue that the problem is equivalent to the unconstrained optimization problem

max ¥ (0, ¢).

iii) Find candidate solutions of the unconstrained optimization problem in part d.ii), and show
that one of the candidate solutions coincides with the optimal solution determined in part c).
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Solution 46

a) Define the Lagrangian (note the sign change due to the transformation of the maximization problem
into a minimization problem)

L(z1, 22,3, p) = —x1 — 222 — a3 + p(2] + 23 + 23 — 1).

The first order necessary conditions of optimality are

L L L
O:—8 = —1+ 2pzx;, 02—8 = —1+ 2pzx2, 0:—8 = —1+4 2pzs,
a:m 31’2 31'2
p >0, 4 zi+ai-1<0, p(x%+x§+x§fl):0.

b) Using the complementarity conditions, i.e. the last condition, we have two possibilities.

e p = 0. This does not yield any candidate optimal solution.
o 22+ 2+ 22 —1=0, p> 0. This yields the candidate optimal solution
1
P: = —(1,2,1
(z1,22,23) 2p( :2,1)
with p > 0 such that % =1.

In summary there is only one candidate optimal solution given by

V6

P: (z1,z2,23) = ?(1,271)

c) The Hessian of the Lagrangian is V2L = 2pI, with I the identity matrix. Hence, the Hessian
is positive definite at the candidate optimal solution which is therefore a (local) minimizer for the
problem (note that we have changed the sign of the objective function to transform the maximization
problem into a minimization one).

d) i) Applying the change of variable to the objective function yields the transformed objective
function
r(cos @ sin ¢ + 2sin 0 sin ¢ + cos @),
whereas the constraint is transformed into r? < 1, which is equivalent to » < 1 since r > 0.
As a result, the function ¥ is given by

W (0, ¢) = (cosfsin ¢ + 2sin O sin ¢ + cos ).

ii) The objective function in the transformed variables is separable, i.e. it is the product of two
functions of different variables, namely r and ¥. As a result, the maximization is achieved
maximizing ¥ and r. The latter is maximized for » = 1. The former has to be maximized
for 6 € [0,27) and ¢ € [0,27). However, since VU is periodic in 6 and ¢ it can be maximized
disregarding the constraints.

iii) The stationary points of ¥ are the solutions of
sin (2 cos —sinf) =0 cos 0 cos ¢ + 2sin 0 cos ¢ — sin ¢ = 0.

The first equation yields
e ¢ =0 or ¢ = 7, which replaced in the second equation yield § = — arctan 1/2;
e 0 = arctan 2, yielding ¢ = arctan /5.

In the original coordinates the first candidate solutions yield (z1, z2,z3) = (0,0, £1), whereas
the second candidate solution give the optimal solution determined in part c).

Exercise 47 The methods of optimization can be used to solve simple geometric problems. Consider the
following list of problems. For each of them, formulate the problem as an optimisation problem, defining
the decision variables, the cost to be optimised, and the admissible set, and provide explicit solutions.
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)
b)

¢)

Q)

Show that of all rectangles with a fixed positive area the one with the smallest perimeter is a square.
Show that of all rectangles with a fixed positive perimeter the one with the largest area is a square.

Find the rectangle of largest area that has its base on the z-axis and its other two vertices above
the z-axis and on the parabola y = 8 — 2.

A piece of wire 10 meters long is cut into two pieces. One piece is bent to form a square, the other
piece is bent to form an equilateral triangle. How should the wire be cut so that the total area of
the square and of the triangle is a maximum or a minimum?

Solution 47

2)

Let « and y be the height and length of the rectangle, then we want to minimize P = 2z 4 2y
subject to xy = A, x > 0 and y > 0. Using the constraint on the area we have

y:;7

hence we need to minimize 4
P=2x+2—
T

subject to z > 0. Ignoring the positivity constraint on x, the stationary points of P are the solutions
of dp A
=—=2-2—,

dx x?
j.e. x = :i:\/z. The only feasible solution is x = \/Z, which is a global minimizer, since P is convex
for ¢ > 0, yielding y = v/A, hence the rectangle with minimum perimeter is a square with perimeter

P =4V/A.

Let = and y be the height and length of the rectangle, then we want to maximize A = zy subject
to P =2z + 2y, x > 0 and y > 0. Using the constraint on the perimeter we have

0

P -2z 1
A=z 5 =§Px—3027

subject to « > 0. Ignoring the positivity constraint on z, the stationary points of A are the

solutions of 0 = % = %P — 2z, i.e. T = iPA This solution is positive, hence feasible, and it is a

global maximizer since the function is concave, hence the rectangle with maximum area is a square
. _ p2

with area A = 5.

The area of the rectangle is (note that to have two vertices on the given parabola, the two vertices

on the z-axis should be symmetric with respect to the y-axis)
A =2zy = 22(8 — z°) = 16z — 22°,

with 0 < z < /8. The function A is continuous in the interval o, \/g], hence its global maximum
is either a stationary point or an extreme of the interval. Stationary points are the solutions of
0=4%4 =16 — 627, i.e. z = +,/8/3. Note now that

2

4
r=0=>A=0, x:\/s/ss»A:%, r=V8=A=0,

Sl%

hence the optimal solution is z = /8/3.

Let  be the length of the wire used for the square, and 10 — x the length used for the triangle.
Each side of the square is x/4, and its area is #2/16. Each side of the triangle is (10 — z)/3, and its

2
area is @% The total area enclosed is

1 V3 2
Aflﬁx +36(10 z)%,
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with z € [0,10]. Extrema, i.e. minimizers and maximizers are either stationary points in [0, 10] or
the extremes of the intervals. The function A has only a stationary point (since it is a quadratic

function), namely = = 188_%/\% ~ 4.35. Note now that
1
r=0= A= Ogg/gz4.817 w435 = A~272,  w=10= A=6.25

Hence, to have the minimum area, use 4.35m of wire for the square and the rest for the triangle, to
have maximum area use all the wire for the square!

Exercise 48 Consider the optimisation problem

min —x1 + T2,
1,2

0 S x1 S 17
T2 > x?
a) State first order necessary conditions of optimality for this constrained optimisation problem.

b) Using the conditions in part a) determine a candidate optimal solution z* for the considered opti-
misation problem.

¢) Transform the optimization problem into an optimization problem with equality constrains by
adding an auxiliary variable and disregarding, for simplicity, the constraints 0 < x; < 1.

State first order necessary conditions of optimality for this transformed problem. Determine a
candidate optimal solution and show that it coincides with the solution determined in part b).

Solution 48
a) Define the Lagrangian
L(x1, 2, p1, p2, p3) = —21 + 22 + p1(—21) + p2(21 — 1) + p3(2] — 2).

The first order necessary conditions of optimality are

oL oL
0=—-——=—-1~-p1+p2+2p321, 0=—-—=1-ps,
8$1 8$2
—z1 <0, 1 —1<0, zi— 20 <0, p1 >0, p2 >0, p3 >0,
prz1 =0, p2(z1—1) =0, p3(x] — x2) = 0.

b) To begin with note that ps has to be equal to one, hence 27 = 2. Consider now the following four
possibilities.
e p1 =0, po =0. This yields 1 =1/2 and z2 = 1/4.
e p1 =0, p2 > 0. This yields 1 = 1, x2 = 1, p2 = —1, which is not admissible.
e p; >0, po =0. This yields x1 =0, x2 =0, p1 = —1, which is not admissible.
e p; >0, p2 > 0. This yields x1 = 0 and x; = 1, which is meaningless.
In summary the only candidate solution is 1 = 1/2, 2 = 1/4, p1 =0, p2 =0, p3 = 1.
¢) The inequality constraint 3 — 2 < 0 can be rewritten as x3 — x2 +y* = 0, where y is an auxiliary

variable. The problem is thus transformed into the problem

min —x1 + x2,
T1,T2,Y

x§7x2+y2:().
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The Lagrangian for this problem is L = —x1 + @2 + A(z? — z2 + %?), and the necessary conditions
of optimality are
dL
0 —

= — =—-1+2\ 0
4o + 2Ax1,

_ 4oL
_d:EQ

L
:1_}\7 Ozfl—y:Q)\y7 $§—$2+y2:0-

The only candidate solution is A = 1, y = 0, 1 = 1/2, x2 = 1/4, which coincides with the one
determined in part b).

Exercise 49 Consider the optimisation problem

min Y1y,
Y1,Y2

yi +ys < 1.
a) Sketch in the (y1,y2)-plane the admissible set and the level lines of the the function yi1y2. Hence,
using only graphical considerations determine the optimal solutions of the considered problem.
b) State first order necessary conditions of optimality for this constrained optimisation problem.

¢) Using the conditions derived in part b) compute candidate optimal solutions. Show that the optimal
solutions derived graphically in part a) satisfy the necessary conditions of optimality.

d) The considered problem can be transformed into a linear programming problem using the change
of variable z1 = (y1 — y2)%, o2 = (y1 + y2)°.

i) Write the equations describing the transformed problem.
(Hint: note that the transformed problem has three inequality constraints.)

ii) Sketch in the (z1,x2)-plane the admissible set and the level lines of the cost function. Hence
determine the optimal solution of the transformed problem.

iii) Show how the optimal solution of the transformed problem can be used to determine the
optimal solutions of the original problem.

Solution 49

Y2
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a) The admissible set is the shaded area in the figure above. The level lines are the solid (positive
values of f) and dotted (negative values of f) lines. The value of the function f increases in the
direction of the solid arrows, and decreases in the direction of the dotted arrows. The solution of
the problem is obtained for negative values of f at a point in which the level lines are tangent to
the circle yi +y3 = 1. At such points y1 = —y2, hence the (global) minimizers are the point

)

27 2 2
The value of the function at the optimal points is f(P1) = f(P2) = —1.

b) The Lagrangian of the problem is

L(y1,y2,p) = y1y2 + p(yi +y3 — 1).

The first order necessary conditions of optimality are

oL oL
0=—-—=y2+2py1, 0=2=—=1uy1+ 2pyo,
Oy Oy
yi+ys —1<0, p>0, pyi +y3 —1)=0.

c) Consider the two cases.

e p=0. In this case y1 = y2 = 0.

e p > 0. Consider the equations
) 0L _ 0L
8y1 8y2
For any p > 0, y1 = y2 = 0 is a solution. In addition, if p = 1/2 there are infinitely many
solutions of the form (y1,y2) = (a, —a), where « is any real number. Note now that p > 0

implies, by the complementarity condition, y2+y2—1 = 0. Hence, 202 = 1, yielding a = :I:§A

In summary the candidate optimal solutions are
e (y1,y2) = (0,0), with p > 0.
e P and P> with p=1/2.
d) i) Note that 21 and xo are non-negative by definition and that z1 = yi — 2y1y2 + v3, and
T2 = yi + 2y1y2 + y3. Hence

To — X1 T1+ T2 2 2
1 = Y1Yy2, T:yl‘f'y?

As a result, in the variables x1 and z2 the problem is
. T2 — T1
min ,

T1,TrQ 4

$1207
$2207

1+ X2

<1
B =

ii) The admissible set is the shaded area in the figure below. The level lines are the solid (positive
values of f) and dotted (negative values of f) lines. The value of the function f increases in
the direction of the solid arrow. The optimal solution is the point

P =(2,0).
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iii) The point P in the (z1, z2)-variables is transformed into points in the (y1, y2)-variables solving
the equations

(1 —y2)® =2 (y1 +y2)* =0.

These equations have the solutions

(y17y2) = <i§7$§> s

which coincide with the points P; and P, determined in part c).

/

0.81
0.6}
0.4}

be N
O \\
0.2} R .
. ;
O \\

z1
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4.1 Introduction

Given a function f : IR"™ — IR, global optimization methods aim at finding the global
minimum of f, i.e. a point x* such that

f@") < f(x)

for all x € IR™. Among these methods it is possible to distinguish between deterministic
methods and probabilistic methods. In the following sections we provide a very brief
introductions to global minimization methods. It is worth noting that this is an active
area of research.

4.2 Deterministic methods

4.2.1 Methods for Lipschitz functions

Consider a function f : IR™ — IR and suppose it is Lipschitz with constant L > 0, i.e.

[f(21) = f(@2)| < Lllwy — ], (4.1)
for all x; € IR™ and z2 € IR". Note that equation (4.1) implies that
f(x) = f(xo) = Lijx — o (4.2)
and that
f(x) < f(wo) + L& — o], (4.3)

for all x € IR™ and x(y € IR", see Figure 4.1 for a geometrical interpretation.

FOO)+ LIl

FOO-LIXxd

Xo

Figure 4.1: Geometrical interpretation of the Lipschitz conditions (4.2) and (4.3).

Methods for Lipschitz functions are suitable to find a global solution of the problem
min f(2),

with
rel,={zeR"|A <z; < B},
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and A; < B; given, under the assumptions that the set I,, contains a global minimizer of
f, the function f is Lipschitz in I,, and the Lipschitz constant L of f in I,, is known.
Under these assumptions it is possible to construct a very simple global minimization
algorithm, known as Schubert-Mladineo algorithm, as follows.

Step 0. Given z¢ € I,, and L > L.
Step 1. Set k = 0.
Step 2. Let )
Fiw) = max {(z;) — Lo = o)

=0,

and compute xy; such that

Fr(zp1) = ;nlln Fy(z).

n

Step 4. Set k =k + 1 and go to Step 2.
Remark. The functions Fj in Step 2 of the algorithm have a very special form. This can

be exploited to construct special algorithms solving the problem

in I
i )

in a finite number of iterations. o
For Schubert-Mladineo algorithm it is possible to prove the following statement.

Theorem 24 Let f* be the minimum value of f in I, let x* be such that f(x*) = f* and
let F{ be the minima of the functions Fy, in I,. Let

®={zely| f(x)=/f"}
and let {x} be the sequence generated by the algorithm. Then
o lim f(m) = f*;
e the sequence {F}} is non-decreasing and kli)rrgo Fy=f*;

lim inf ||z — 2| = 0;
* el ol =0

o f(xg) > f*> Fr_1(xg).

Schubert-Mladineo algorithm can be given, if € I} C IR, a simple geometrical interpre-
tation, as shown in Figure 4.2.

The main advantage of Schubert-Mladineo algorithm is that it does not require the com-
putation of derivatives, hence it is also applicable to functions which are not everywhere
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f(x)

f()

R ()

Figure 4.2: Geometrical interpretation of Schubert-Mladineo algorithm.

differentiable. Moreover, unlike other global minimization algorithms, it is possible to
prove the convergence of the sequence {zy} to the global minimizer. Finally, it is possible
to define a simple stopping condition. For, note that if {z;} and {F} '} are the sequences
generated by the algorithm, then

flap) 2 f* = Ff

and
flxk) > > f(ag) +ry,

where 7, = Ff — f(z1) and limg_,oo 7 = 0. As a result, if |rg| < €, for some € > 0, the
point zy gives a good approximation of the minimizer of f.

The main disadvantage of the algorithm is in the assumption that the set I,, contains
a global minimizer of f in IR™. Moreover, it may be difficult to compute the Lipschitz
constant L.

4.2.2 Methods of the trajectories

The basic idea of the global optimization methods known as methods of the trajectories is
to construct trajectories which go through all local minimizers. Once all local minimizers
are determined, the global minimizer can be easily isolated. These methods have been
originally proposed in the 70’s, but only recently, because of increased computer power
and of a reformulation using tools from differential geometry, they have proved to be
effective.

The simplest and first method of the trajectories is the so-called Branin method. Consider
the function f and assume V f is continuous. Fix xg and consider the differential equations

49i@) = £V7a(t)  2(0) = xo (4.4)

The solutions x(t) of such differential equations are such that
Vf(a(t)) = V(o)™

i.e. Vf(x(t)) is parallel to V f(zo) for all ¢. Using these facts it is possible to describe
Branin algorithm.
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Step 0. Given xg.

Step 1. Compute the solution x(t) of the differential equation

d
SV (t) = V()

with z(0) = zp.

Step 2. The point * = lim z(t) is a stationary point of f, in fact tlim Vf(z(t)) =0.
—00

- t—o00

Step 3. Consider a perturbation of the point z*, i.e. the point & = z* + ¢ and
compute the solution z(t) of the differential equation

d
o V(1) = Vf(x(t)).

Along this trajectory the gradient V f(z(t)) increases, hence the trajectory escapes
from the region of attraction of xg.

Step 4. Fix t > 0 and assume that x(¢) is sufficiently away from zg. Set xo = z(t)
and go to Step 1.

Note that, if the perturbation € and the time ¢ are properly selected, at each iteration the
algorithm generates a new stationary point of the function f.

Remark. If V2 £ is continuous then the differential equations (4.4) can be written as

-1
i(t) = + [V f(2(®)]  VF(@(t).

Therefore Branin method is a continuous equivalent of Newton method. Note however
that, as V2f(x(t)) may become singular, the above equation may be meaningless. In such
a case it is possible to modify Branin method using ideas borrowed from quasi-Newton
algorithms. o

Branin method is very simple to implement. However, it has several disadvantages.
e It is not possible to prove convergence to the global minimizer.

e Even if the method yields the global minimizer, it is not possible to know how many
iterations are needed to reach such a global minimizer, i.e. there is no stopping
criterion.

e The trajectories x(t) are attracted by all stationary points of f, i.e. both minimizers
and maximizers.

e There is not a systematic way to select € and .
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A4

Figure 4.3: Interpretation of the tunneling phase.

4.2.3 Tunneling methods

Tunneling methods have been proposed to find, in an efficient way, the global minimizer
of a function with several (possibly thousands) of local minimizers.

Tunneling algorithms are composed of a sequence of cycles, each having two phases. The
first phase is the minimization phase, i.e. a local minimizer is computed. The second phase
is the tunneling phase, i.e. a new starting point for the minimization phase is computed.

Minimization phase

Given a point g, a local minimization, using any unconstrained optimization algorithm,
is performed. This minimization yields a local minimizer zj.

Tunneling phase

A point x7 # xf) such that
f(ar) = f(5)

is determined. See Figure 4.3 for a geometrical interpretation.

In theory, tunneling methods generate a sequence {z}} such that

f($2+1) < f(=g)
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x)
\ — N |
- ,/
X ‘ >
|0
—— -

Figure 4.4: The functions f(x) and T'(x, x%).

and the sequence {x}} converges to the global minimizer without passing through all
local minimizers. This is the most important advantage of tunneling methods. The main

disadvantage is the difficulty in performing the tunneling phase. In general, given a point
f(z%) is constructed searching for a zero of the function

x} a point z such that f(x)

(see Figure 4.4)
f(z) = f(a})

T ) =
) = g

where the parameter A > 0 has to be selected such that T'(z7, %) > 0.
Finally, it is worth noting that tunneling methods do not have a stopping criterion, i.e.

the algorithm attempts to perform the tunneling phase even if the point z} is a global
minimizer.

4.3 Probabilistic methods

4.3.1 Methods using random directions
In this class of algorithms at each iteration a randomly selected direction, having unity
norm, is selected. The theoretical justification of such an algorithm rests on Gaviano

theorem. This states that the sequence {x} generated using the iteration

Tht1 = Tp + agdy,
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where dj, is randomly selected on a unity norm sphere and «y is such that
f (@ + ardy) = min f(z), + ady),
is such that for any € > 0 the probability that
flak) = 7 <,

where f* is a global minimum of f, tends to one as k — oc.

4.3.2 Multistart methods

Multistart methods are based on the fact that for given sets D and A, with measures
m(D) and m(A), and such that

m(A)
1>——=a>0
“m(D) ‘=7
the probability that, selecting N random points in D, one of these points is in A is
P(AN)=1-(1-a)".

As a result

lim P(A,N)=1.

N—o00

Therefore, if A is a neighborhood of a global minimizer of f in D, we conclude that,
selecting a sufficiently large number of random points in D, one of these will (almost
surely) be close to the global minimizer. Using these considerations it is possible to
construct a whole class of algorithms, with similar properties, as detailed hereafter.

Step 0. Set f* = oco.
Step 1. Select a random point zg € IR™.
Step 2. If f(xg) > f* go to Step 1.

Step 3. Perform a local minimization starting from zy and yielding a point xf. Set
f* = fag).
Step 4. Check if xjj satisfies a stopping criterion. If not, go to Step 1.

4.3.3 Stopping criteria

The main disadvantage of probabilistic algorithms is the lack of a theoretically sound
stopping criterion. The most promising and used stopping criterion is based on the con-
struction of a probabilistic approrimation P(w) of the function

_m{zeD| f@) wh

P(w) (D)

Once the function Js(w) is known, a point z* is regarded as a good approximation of the
global minimizer of f if

P(f(z")) <ex 1.
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4.4 Exercises

Similarly to Sections 2.10 and 3.7, this section contains some exercises to illustrate how
global minimization methods can be used.

Exercise 50 Consider the discrete time system
Tpi1 = axk
with z; € IR, and output yx = zr. Consider also the auxiliary discrete time system

Err1 = abg

with & € IR, output 7, = &k, and such that & = xo # 0.
Consider now the problem of determining the constant o such that the cost

J(a):%(e§+e§+...efv)

is minimized, where e; = y; —m; and N > 1.

a) Pose the above problem as an unconstrained optimization problem in the decision variable «,
parametrized by a and xo.

b) Assume N = 1. Show that J(a) = 0 and J(a) > 0 for all o # a. Hence show that the function
J(a) has a unique local minimizer which is also a global minimizer.

¢) Suppose N = 2. Compute the stationary points of J(«). Note that the number of stationary points
is a function of the value of a. Hence, determine the local minimizers and the local maximizers of
the function J(«).

d) For N = 2 and a = 3/2, the function J(«) is as shown in the figure below. Let L = 12 be the
Lipschitz constant of J(a) for a € [—2,2]. Apply four steps of the Schubert-Mladineo algorithm
for the minimization of the function J(a) assuming that a global minimizer is in the set I = {«a €
R | —2 < «a <2} and that the starting point of the algorithm is selected to be a = 2.

Solution 50

a) The problem can be formulated as

1
min J(a) = min = (a — a)’z3 + (a* —®)’zg + -+ (@ — «
a€R aER 2

N Ny\2 2
)1’07

i.e. as an unconstrained optimization problem in the decision variable @ and parameterized by a
and xo.
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b)

)

d)
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For N =1 one has J(a) = 1(a — a)?z§. Hence, J(a) = 0 and J(a) > 0 for all o # a. This shows
(using the very definition of global minimum) that o = a is a global minimum.
If N =2 one has J(a) = 1 ((a —a)? + (a® - a2)2) x3. Hence %(aa) = —(a— a)(2a® + 2aa + 1)zf.
Therefore, the stationary points are
a a?—2 a a? —2
P = Py= -4+ X2 _

e 2=yt 2 2
We conclude that, if |a| < v/2 there is only one stationary point, whereas if |a| > v/2 there are three
stationary points. Computing second derivatives we have that P; is always a local minimizer, and,
for |a|] > \/5, P, is a local maximizer and Ps is a local minimizer.

A sketch of the application of the Schubert-Mladineo algorithm is shown at the end of the chapter.
Note that x4 is very close to the global minimizer.

Exercise 51 Consider the function

4 4
f=x1 —T1x2 + T3

and the problem of finding its global minimizer.

2)

)

Write the formulae for the so-called Branin system, that is the system
o ==V 7'V,
for the considered function f.

Compute the equilibria of the Branin system determined in part a). Show that these equilibria
coincide with the stationary points of the function f. Show that f is radially unbounded. Hence
determine the global minimizer of f.

Consider the linearization of the Branin system, computed in part a), around its equilibrium at
x = 0. Show that this linearized system has two eigenvalues equal to —1, hence deduce that the
point = 0 is locally attractive.

Write now the formulae for the modified Branin system

& = —det(V* f)[V*f] 'V f,
for the function f above. Consider the linearization of the modified Branin system at x = 0 and
show that this equilibrium point is unstable.

Give reasons for the modified Branin method being preferable to the Branin method when deter-
mining a global minimizer for the considered function f.

Solution 51

2)

b)

The Branin system is

B 1442323 — 1 823 + xo — 48223

) T 1 —48x22% + 8z + x1
xr =
Ta

The equilibria of the Branin system are P, = (0,0), P> = (1/2,1/2) and Ps = (—1/2,—1/2). Note

now that these are also such that V f(P;) =0, for i = 1,2, 3. Hence, the equilibria of Branin system

coincide with the stationary points of f. Note now that | l‘l‘m f(z) = 400, hence f is radially
x| —o0

unbounded. Moreover f(P1) = 0 and f(P2) = f(P3) = —1/8. Hence the global minimum of f is
—1/8 and there are two global minimizers, P» and Ps.

The linearization of the Branin system around the point P; is described by

T = -1 0 T
- 0 -1 '
The linearized system has two eigenvalues equal to —1 and this shows that the point P; is locally
attractive.
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d) The modified Branin system is

) T —48x2x3 + 8x3 + x1
T = = .
Ta 8z3 + w0 — 482223

and this shows that the point P; is an unstable equilibrium of the modified Branin system.
e) The modified Branin system has the following advantages:
e the differential equations are defined for all z;

e the point P, which is a local maximizer, is unstable therefore almost all trajectories of the
system are not be attracted by Pi.
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