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Monitoring and Estimation 

Background 

Instructor: Christos Panayiotou 



Outline

n Vectors and Matrices 
n Probability and Random Variable   
n Stochastic Processes 



Vectors and Matrices
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Vector and Matrix Addition
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Vector Addition

s=[1,1]
[ ]1,2-=q

[ ]2,1-=+ sq



Inner (Dot) product
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Matrix Multiplication
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Vector and Matrix Transposition

[ ]nT xx ,,1 !=x
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Trace of a Matrix

n The trace of a square matrix 𝑨 is the sum of its 
diagonal elements 

𝑡𝑟𝑎𝑐𝑒 𝑨 =(
)*+

,

𝑎))

It also holds that 
𝑡𝑟𝑎𝑐𝑒 𝑨𝑩 = 𝑡𝑟𝑎𝑐𝑒 𝑩𝑨



Rank of a Matrix

n The maximum number of linearly independent 
columns of a matrix 

n A square 𝑛×𝑛 matrix is invertible if and only if it 
has full rank, i.e., if its rank is equal to 𝑛.



Vector Magnitude

( ) å
=

===
n

i
i

T xd
1

2
2

xxxx
(x1, x2)

x

2
2

2
12
xxd +== x

In multi-dimensional spaces:

Euclidean distance



Vector Functions 

Example:
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Gradient and Hessian 
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Examples
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Vector Function Derivatives 

( )
( )

( )ú
ú
ú

û

ù

ê
ê
ê

ë

é
=

x

x
xF

mf

f
!

1

( ) ú
û

ù
ê
ë

é ++
=

21
21

321

3 xxexx
xxx

xF

( )
( ) ( )

( ) ( ) ú
ú
ú

û

ù

ê
ê
ê

ë

é

¶¶¶¶

¶¶¶¶
=Ñ

nmm

n

xfxf

xfxf

//

//

1

111

xx

xx
xF

!

""

!

Jacobean Matrix 

( ) ( ) ( ) ú
û

ù
ê
ë

é
++

=Ñ
01313
111

2121
211212

xxxx exxxexxx
xF



Determinant
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Mij is the matrix that results from A after we remove 
row i and column j.

nn´ÂÎAdet 𝑨 = ∑1*+
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Eigenvalues and Eigenvectors

Definition: Assume that Α has dimension nxn. We 
define as Eigenvalues the numbers λ for which

pAp l=
where p is a non-zero vector.  The corresponding 
solutions p are the Eigenvectors of Α.

Characteristic Polynomial:

( ) ( )IA ll -= detf Degree n polynomial

The roots of the equation f(λ)=0 (λ1,..., λn) are 
the Eigenvalues of Α.



Eigenvalues and Eigenvectors

Example: Find the Eigenvalues and Eigenvectors of 

Characteristic Polynomial:
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Eigenvectors:
iii pAp l=

[ ]Tr 1*121 == pp [ ]Tr 1013 -=p



Definite and Semidefinite Matrices

Assume G is an nxn symmetric matrix, then we define the 
quadratic function

( ) Gxxx TQ =
where x is a vector of dimension n. Then we say that

n G is positive definite if Q(x)>0 for all x¹0.

n G is positive semidefinite if Q(x)³0 for all x¹0.

n G is negative definite if Q(x)<0 for all x¹0.

n G is negative semidefinite if Q(x)£0 for all x¹0.



Probability 

n Frequency definition of probability 
¨ Assume an experiment where there are 𝑛 possible 

outcomes 𝐴+, 𝐴= …𝐴,
¨ Suppose we repeat the experiment 𝑘 times and let 𝑁)

count the number of times we observe 𝐴), then 

Pr 𝐴) = lim
F→H

𝑁)
𝑘

¨ while it also holds 
0 ≤ Pr 𝐴) ≤ 1

and

(
)*+

,

Pr 𝐴) = 1



Joint outcomes/events

n If two outcomes 𝐴 and 𝐵 of the experiment are 
independent, then the probability of both
occurring is

Pr 𝐴𝐵 = Pr 𝐴 Pr 𝐵

n If they are also mutually exclusive
Pr 𝐴 ∪ 𝐵 = Pr 𝐴 + Pr 𝐵

while if they are not mutually exclusive 
Pr 𝐴 ∪ 𝐵 = Pr 𝐴 + Pr 𝐵 − Pr 𝐴𝐵



Conditional probability 

n If two outcomes are not independent, then the 
occurrence of one outcome may tell us something about 
the occurrence of the other. Thus we define the 
conditional probability of the outcome 𝐴 given that 𝐵 has 
occurred

Pr 𝐴|𝐵 =
Pr 𝐴𝐵
Pr 𝐵

Which also implies that 
Pr 𝐴|𝐵 Pr 𝐵 = Pr 𝐵|𝐴 Pr 𝐴

and 

Pr 𝐴|𝐵 =
Pr 𝐵|𝐴 Pr 𝐴

Pr(𝐵)



Bayes’ Rule

Pr 𝐴|𝐵 =
Pr 𝐵|𝐴 Pr 𝐴

Pr(𝐵)
n Assume all possible mutually exclusive outcomes 
𝐴+, 𝐴= …𝐴,, while 𝐵 is some combination of these 
outcomes, then the law of total probability states that 

Pr B =(
)*+

,

Pr 𝐵 𝐴) Pr 𝐴)

n And substituting in the Bayes’ rule, above

Pr 𝐴|𝐵 =
Pr 𝐵|𝐴 Pr 𝐴

∑)*+
, Pr 𝐵 𝐴) Pr(𝐴))



Random Variables

n Random variables are mappings from the set of outcomes 
of a random experiment to the set of real numbers defined 
on a probability space 

n Probability space (Ω, ℱ, 𝑃) where 
¨ Ω is the set of possible outcomes 
¨ ℱ is the set of possible events where an even may consists from a 

set of possible outcomes (including the empty set)
¨ 𝑃 is the probability of an event

n Toss a coin with Ω = {𝐻𝑒𝑎𝑑𝑠, 𝑇𝑎𝑖𝑙𝑠} and random variable 
𝑋 𝜔 ; 𝑋 𝐻𝑒𝑎𝑑𝑠 = 1; 𝑋 𝑇𝑎𝑖𝑙𝑠 = 0. 

n Classification of random variables 
¨ Continuous random variables (take any real value)
¨ Discrete random variables (take discrete (integer) values)



Distribution Functions 

n (Cumulative) Distribution Function (cdf)
𝐹_ 𝑥 = Pr[𝑋 ≤ 𝑥] for all 𝑥 ∈ ℝ

¨ 𝐹_ −∞ = 0
¨ 𝐹_ ∞ = 1
¨ 𝐹_ 𝑥 is a non-decreasing function 

n Joint distribution function 
𝐹_ 𝑥+,… , 𝑥, = Pr[𝑋+ ≤ 𝑥+,… , 𝑋, ≤ 𝑥,]

¨ To obtain the marginal cdf 𝐹(𝑥)) from the joint cdf use 
𝑥1 = ∞ for all 𝑗 ≠ 𝑖 .

n Independent random variables  
𝐹_ 𝑥+,… , 𝑥, = 𝐹+ 𝑥+ …𝐹, 𝑥,



Distribution Functions 

n Probability Density Function (pdf) 𝑓_(𝑥)
¨ Continuous variables 

𝐹_ 𝑥 = i
jH

k
𝑓_ 𝑦 𝑑𝑦

¨ Probability of the event 𝑎 ≤ 𝑋 ≤ 𝑏

Pr 𝑎 ≤ 𝑋 ≤ 𝑏 = 𝐹 𝑏 − 𝐹 𝑎 = i
n

o
𝑓 𝑦 𝑑𝑦

¨ Note:  Pr 𝑋 = 𝑥 = 0
n Probability Mass Function 

¨ Discrete variables 

𝐹_ 𝑥 =(
pqk

Pr[𝑋 = 𝑦]



Conditional Distributions 

𝐻 𝑥, 𝑦 = Pr[𝑋 ≤ 𝑥|𝑌 ≤ 𝑦]=st[_qk,uqp]
st[uqp]

=v(k,p)
v(p)

n What if the conditional event is 𝑌 = 𝑦, i.e., 
Pr[𝑋 ≤ 𝑥|𝑌 = 𝑦]?
¨ Define the conditional density function 𝑓 𝑥 𝑦 = w(k,p)

wx p

𝐹 𝑥 𝑦 = Pr 𝑋 ≤ 𝑥|𝑌 = 𝑦 = i
jH

k
𝑓 𝑧 𝑦 𝑑𝑧

n Total probability rule

Pr 𝑋 ≤ 𝑥 = i
jH

H
Pr 𝑋 ≤ 𝑥|𝑌 = 𝑦 𝑓u 𝑦 𝑑𝑦



Some Common Distributions

n Uniform between 𝑎, 𝑏 𝑓 𝑥 = z
{

|}~ 𝑖𝑓 𝑎 ≤ 𝑥 ≤ 𝑏
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

n Exponential   𝑓 𝑥 = z��
}�� 𝑥 ≥ 0
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

n Normal (Gaussian), 𝑋~𝑁 𝜇, 𝜎=

𝑓 𝑥 =
1
2𝜋𝜎=

𝑒j
kj� �

=�� =
1
2𝜋𝜎=

exp −
𝑥 − 𝜇 =

2𝜎=

n Multi-Variable Gaussian 𝑿~𝑁 𝝁, 𝜮

𝑓 𝒙 =
1

(2𝜋), 𝜮
exp(−+= 𝒙 − 𝝁

�𝜮j+(𝒙 − 𝝁))

¨ 𝒙 and 𝝁 are 𝑛-dimensional vectors
¨ 𝜮 is the 𝑛×𝑛 covariance matrix and |𝜮| its determinant 



Functions of Random Variables 

n Suppose that random variables are related through 𝑌 = 𝑔 𝑋
and the cdf of 𝑋 is known 𝐹_ 𝑥

Find 𝐹u 𝑦 = Pr 𝑌 ≤ 𝑦 = Pr 𝑔(𝑥) ≤ 𝑦
n Example: 

¨ Let 𝑌 = 𝑎𝑋 + 𝑏, then 

¨ 𝐹u 𝑦 = Pr 𝑌 ≤ 𝑦 = Pr 𝑎𝑋 + 𝑏 ≤ 𝑦 = Pr 𝑋 ≤ pjo
n

= 𝐹_
pjo
n

n Useful formula:  Let 𝑥) be the roots of 𝑦 = 𝑔 𝑥 .  Then 

𝑓u 𝑦 =(
)

𝑓_ 𝑥)
𝑑𝑔
𝑑𝑥 (𝑥))

n Example: 
¨ Let 𝑌 = 𝑋=, then, 𝑥+ = 𝑦, and 𝑥= = − 𝑦, so

¨ 𝑓u 𝑦 = w� p
= p

+ w� j p
j= p

= +
= p

𝑓_ 𝑦 + 𝑓_ − 𝑦



Expectation / Variance  

n Continuous Random Variables
¨ Expected value 𝐸 𝑋 = ∫jH

H 𝑥𝑓 𝑥 𝑑𝑥

¨ Variance 𝜎= = 𝐸 𝑋 − 𝐸 𝑋 = =
= 𝐸 𝑋= − 2𝑋𝐸 𝑋 + 𝐸[𝑋] =

= 𝐸 𝑋= − 𝐸 𝑋 =

¨ Standard deviation 𝜎.
n Discrete Random Variables 

¨ Expected value 𝐸 𝑋 = ∑k 𝑥 Pr 𝑋 = 𝑥

n Moments: nth moment 𝐸 𝑋,

n Coefficient of Variation 𝐶_ =
��
� _



Covariance and correlation 

n Let 𝑋, 𝑌 be random variables with joint pdf 𝑓 𝑥, 𝑦 , 
covariance

𝐶𝑜𝑣 𝑋, 𝑌 = 𝐸 𝑋 − 𝐸 𝑋 𝑌 − 𝐸 𝑌
¨ 𝐶𝑜𝑣 𝑋, 𝑌 = 𝐸 𝑋𝑌 − 𝑋𝐸 𝑌 − 𝑌𝐸 𝑋 + 𝐸 𝑋 𝐸[𝑌]

= 𝐸 𝑋𝑌 − 𝐸 𝑋 𝐸 𝑌

n Correlation coefficient

𝜌 𝑋, 𝑌 =
𝐶𝑜𝑣 𝑋, 𝑌
𝜎_𝜎u

n Let 𝑋 be a random variable with pdf 𝑓 𝑥 then the 
characteristic function is defined as 

𝜑_ 𝑡 = 𝐸 𝑒1�_ = i
jH

H
𝑒1�k𝑓 𝑥 𝑑𝑥



Law of Large Numbers (LLN)

n Let the sequence of 𝑛 i.i.d. random numbers 𝑋+, 𝑋=, …𝑋,
each with mean 𝜇 and variance 𝜎=, and define the sample 
mean

n Weak LLN: Assume a small 𝜀 > 0, then

n Strong LLN

Sn =
1
n
X1 + X2 + ...+ Xn( )

lim
n→∞
Pr Sn − µ > ε( ) = 0

Pr lim
n→∞
Sn = µ( ) = 1



Central Limit Theorem (CLT)

n Let the sequence of 𝑛 i.i.d. random numbers 𝑋+, 𝑋=, …𝑋,
each with mean 𝜇 and variance 𝜎=, and define the 
sample mean

n Then, as 𝑛 grows large, the distribution of 𝑆,
approximates the Normal distribution (Gaussian) with 
mean 𝜇 and variance 𝜎=/𝑛.

Sn =
1
n
X1 + X2 + ...+ Xn( )



Random Process (Stochastic Process)

n Collection of Random variables defined on a common 
probability space (Ω, ℱ, 𝑃) indexed by a variable 𝑡. 
¨ Continuous random process 𝑋(𝑡) for all 𝑡 ∈ ℝ
¨ Discrete time random process 𝑋(𝑡) for all 𝑡 = 0,1,2, …

n To define a random process we need the joint cdf of all
random variables that define the process.
𝐹_ 𝑥¤, … , 𝑥,; 𝑡¤, … , 𝑡, = Pr 𝑋 𝑡¤ ≤ 𝑥¤, … . , 𝑋 𝑡, ≤ 𝑥,

n Independent Process 𝑋 𝑡
𝐹_ 𝑥¤, … , 𝑥,; 𝑡¤, … , 𝑡, = 𝐹_¦(𝑥¤; 𝑡¤)... 𝐹_§(𝑥,; 𝑡,)

n Independent Identically Distributed (iid)
𝐹_ 𝑥; 𝑡 = 𝐹_¦ 𝑥¤; 𝑡¤ =...= 𝐹_§(𝑥,; 𝑡,)



Stationary Process

n Autocorrelation: Let the process 𝑋(𝑡) and two time 
instances 𝑡+, and 𝑡=, then the autocorrelation is given by

𝑅__ 𝑡+, 𝑡= = 𝐸 𝑋 𝑡+ 𝑋 𝑡=
n Strict-sense stationary: The process 𝑋(𝑡) exhibits the 

same statistical behavior at all time.
𝐹_ 𝑥¤, … , 𝑥,; 𝑡¤ + 𝜏, … , 𝑡, + 𝜏 = 𝐹_ 𝑥¤, … , 𝑥,; 𝑡¤, … , 𝑡,

for all 𝜏.
¨ 𝑅__ 𝑡+, 𝑡= = 𝑅__ 𝑡= − 𝑡+ , i.e., it does not depend on 𝑡+, and 𝑡= but 

only on the difference 𝑡= − 𝑡+.
¨ Ergodicity: Ensample average is equal to time average

n Wide–sense stationary: 
𝐸 𝑋(𝑡) = 𝐶 (constant) for all 𝑡. 

𝐸 𝑋 𝑡 𝑋 𝑡 + 𝜏 = 𝑔 𝜏



Gaussian (Normal) Process

n Let the process 𝑋(𝑡) be Gaussian, then the distribution of 
𝑋(𝑡) and any time instant 𝑡 is Gaussian  

𝑋(𝑡)~𝑁 𝜇�, 𝜎�=

𝑓 𝑥, 𝑡 =
1

2𝜋𝜎�=
exp −

𝑥 − 𝜇� =

2𝜎�=

n The joint distribution of the points 𝑡+, … , 𝑡, is a multi-variable 
Gaussian 𝑿~𝑁 𝝁, 𝜮
¨ 𝒙 and 𝝁 are 𝑛-dimensional vectors
¨ 𝜮 is the 𝑛×𝑛 autocovariance matrix

n Gaussian White Noise 
¨ The variables 𝑋(𝑡) are independent identically distributed (i.i.d.) 
𝑋 𝑡 ~𝑁 𝜇, 𝜎= for all 𝑡.


